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We begin the course by motivating in general what graph theory is, and
the different kinds of thing it can be used to study. We also use these
examples in our exercises to start to build up our graph-theoretical
vocabulary.

What is graph theory? It is, unsurprisingly, the study of graphs.
Not graphs as in “we plot the function x2 + 3x + 2”, but graphs as in
things that look like this:

Figure 1: A simple graph.

A graph consists, as indicated in Figure 1, of vertices connected by
edges. This is the most basic situation we can have, where there are
finitely many vertices and each pair of vertices either have an edge
between them or not. We will fairly regularly be considering various
extensions of this notion, to contain more information. For example,
we can add labels to the vertices,2 as in Figure 2.

2 In fact, we will see when we get to the
formal definitions that this is probably
the most basic notion – the unlabelled
version turns out to be subtler to define.

Figure 2: A labelled simple graph.

The labels we added also start to make clear what kind of real-
world thing a graph might model – if we interpret an edge as saying
“these people are friends”, we have a tiny example of a social network
represented as a graph.3 3 Now imagine in your head what

it would look like if vertices were
Facebook accounts and edges were “are
friends” – a much larger graph, but an
example of the same thing. What might
be interesting questions to ask about
this graph?

This interpretation of vertices as
people and edges as friendships will
be common throughout the course,
because it is natural given my research
interests, and it is an easy down-to-earth
example.

It’s not only the vertices we can write things on – often it is inter-
esting to give each edge a number, called its weight, like in Figure 3.
Maybe the numbers represent how many hours per day they spend
together.
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Figure 3: A weighted graph.

Another common version is to permit multiple edges between
vertices, as in Figure 4. Perhaps each edge represents a class the two
people have in common, so it makes sense to have more than one
edge?4

4 If you think about it, this is similar
to just labelling a single edge with an
integer saying how many classes they
have in common. However, it has a very
different feeling, and the maths we do
on multigraphs will be quite different
from what we do on weighted graphs.

Figure 4: A labelled multigraph.

Or perhaps the edges have a direction, as in Figure 5? Now the
interpretation might be that an edge means “is in love with”.5

5 So in our figure there is quite a bit of
unrequited love and confused emotions
– though perhaps Edith and Francis will
find happiness?

Figure 5: A directed graph.

The final version that we will actually see used in the course is
to give the vertices (or the edges) colours, as in Figure 6. Now the
colour might represent the gender of a person, or some other classifi-
cation of vertices into various types.

As we proceed in the course, we will of course give precise mathe-
matical definitions of what exactly each of these types of graph is. For
today, however, we don’t really need those definitions – the intuitive
descriptions will be enough.

Exercise topic 1: Euler in Königsberg

The very first thing studied in graph theory, in the early eighteenth
century, was the bridges of Königsberg. Königsberg – today Kalin-
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Figure 6: A directed graph with a vertex
colouring.

ingrad – is divided into four parts by the river Pregel, and at the time
the city had seven bridges, as in Figure 7.

Figure 7: A map of the city of Königs-
berg.

Exercise 1. Can you represent this situation as a graph? Which of the
six types of graph we looked at earlier would be most appropriate?

One question the people of this town would ask themselves, for
some reason,6 was the following: Is it possible to take a walk around 6 Presumably they were all very bored

all the time, since they didn’t have Tik-
Tok yet to keep themselves distracted.

town that uses each bridge exactly once, and takes you back to where
you started?

Exercise 2. Is it? Convince yourselves that it is not by trying to find
such a walk. Can you make it possible by adding or removing edges?

Try to draw some other graphs where it is possible, and ones
where it is not – can you find some pattern? There is a simple rule to
when it is possible or not – can you figure out what it might be?

The person who originally solved this problem was the great
Leonhard Euler – in the lecture tomorrow we will see a proof of his
result.

If you want to continue on with this exercise and try to prove that
the pattern you found always holds, do try and please ask for hints
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if you need one. It might be rather difficult for you to find the right
technique, but it could be a productive sort of difficulty. Or move on
to the next exercise.

Exercise topic 2: Same same, but different

So far we have considered a few different graphs, and answered some
questions about them. However, especially to the more algebraically
minded, the really interesting thing to study in mathematics is not
objects but functions between objects. In this exercise, we will think
about functions from one graph to another, and what it means for one
graph to be the same as another, or a part of another.

Exercise 3. We limit ourselves to considering the case of the labelled
simple graphs, like in Figure 2. What might it mean to have a func-
tion from one of these graphs to another? Try to think about what
might be reasonable, and write down candidate definitions.7

7 The most obvious example of a func-
tion you’ve seen before would probably
be one from R to R – but if you’ve
taken a course on algebra before, try
to think also of the case of a homomor-
phism from a group to a group or a ring
to a ring.

Figure 8: A black subgraph of a larger
graph in blue.

Exercise 4. Consider Figure 8 – it should be intuitively clear that what
has happened here is that we took the graph from Figure 2 and we
added some more vertices and more edges. In formal mathematical
language, we say that the graph in Figure 2 is a subgraph of the graph
in Figure 8.

Can you write a formal definition of what it means for one graph
to be a subgraph of another? Perhaps one of your notions of function
from one graph to another, or a variation of one, could be useful for
this.

Exercise 5. Consider the graph in Figure 9, and compare it to the
one in Figure 2. At first glance, they look quite different – but if
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Figure 9: A graph that is suspiciously
similar to one we’ve already seen.

you squint at them the right way, they are the same graph. Can you
articulate the sense in which this is true? The formal name for it is
that they are isomorphic. Again, what you did in the previous parts of
the exercise might be helpful.

If you want to continue thinking about these things, consider the
very first graph we saw without any labels, in Figure 1. Can we
perhaps define what is meant by such an object using what we’ve seen
in this exercise?8 8 If you’ve seen the term “equivalence

class” before, you can probably make
sense of this. If you haven’t, you
probably need to look that up first.Exercise topic 3: More examples of graphs

So far our examples of a graph have been tiny, with six people as
the vertices and various relationships between them as edges. We
have mentioned that this can generalize to much larger collections of
people – but of course the notion of graph is much much broader than
just social relations.

Exercise 6. Try to think of more things that can be modelled as
graphs, of any of the types we have seen.9 Try to make your exam- 9 Or perhaps you can think of something

to model as another variant of a graph?
We gave five examples of extra structure
to give to a graph, but that list was by
no means exclusive – you can come up
with new things if you find something
new to model.

ples as different from each other as possible – can you think of an
example from biology? From finance? From something else you’ve
studied or from one of your hobbies?

Let us now have a look at a thing we can model using graphs that
is of a very different nature from most of the examples we’ve thought
of so far. They’ve probably all, or nearly all, been of the type “we go
out into the world and measure it”, whether the thing we measure is
friendships or debts – this example is instead a case of a graph arising
from some simple rules of a game.

In particular, the game we want to study is the Towers of Hanoi,
as illustrated in Figure 10. We have three pegs, labelled a, b, and c,
and we have n bricks of increasing size. The bricks must always be in
ascending order on every peg, so we can never have a wider brick on
top of a narrower brick in the figure. They start in order on peg a.
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Figure 10: The starting state of the
Towers of Hanoi, in the n = 3 case.

You are allowed to move the top brick on one peg to a different
one, as long as you don’t put it on top of a brick with a lower number
than itself, i.e. as long as you follow the rule about being narrower
than the brick below. The goal of the game is to have all the bricks
sitting on peg c.10 10 In the same order as they were at the

beginning on peg a, since that is the
only order they are allowed to be in by
the rules of the game.

Exercise 7. Consider the graph whose vertices are states of this game
– so Figure 10 represents one vertex, and the state where brick 1 is on
peg a and bricks 2 and 3 are on peg b is another vertex. There is an
edge between two vertices if you can get between them in a single
move. Draw this graph for the small cases of n = 1, 2, 3.11 11 It may be helpful to actually “make”

this game out of some pieces of paper,
drawing the pegs on one and making
bricks out of pieces of paper of various
size. Getting to play around with it
really builds intuition sometimes.

Do you see the pattern of what it will look like for larger n? Can
you write down a formula in terms of n for the minimal number of
moves needed to win the game in the general case?
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