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Recent Announcements
. Posted
Working Groups Created on:
(https:/uppsala.instructure.com/courses/24243/discussion_topics/58020) Feb 4,
Good afternoon everyone! Working groups for assignment 1 have been creat... 2021
at
3:53pm
Posted
Mistake fixed in assignment 1. on:
(https:/uppsala.instructure.com/courses/24243/discussion_topics/57704) Feb 3,
Good afternoon everyone! As pointed out by one of the students, there was ... 2021
at
2:01pm
Assignment 1 available Posted
(https:/uppsala.instructure.com/courses/24243/discussion_topics/57621) on:
Good morning everyone! Assignment 1 is now available. Instead of just givin... 2;? 3t'
a
10:03am

Kombinatorik VT2021 (Period 3)

Jump to Today X _Edit

Welcome to the the combinatorics course!

The course material is available in the Modules (Moduler) section. There you will find suggested
exercises, course lectures, as well as solutions to certain exercises.

The zoom link for the course lectures and problem sessions is:
[(https:/luu-se.zoom.us(j(62746932845) hitps://uu-se.zoom.us(j(69079713853 _(https:/luu-

se.zoom.us/j[69079713853?pwd=bmJIGekM3b21JTS9FVFBEeUIliUWhxUT09)

password: factorial

2021-03-09, 12:14
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The lectures will not be recorded, and so you are very encouraged to join. The lecture notes will be
posted in the proper module afterwards. You are always welcome to ask questions during the
lectures. | will always stick around for a while after the lectures if you have questions as well.

The course textbook is Applied Combinatorics by Keller and Trotter, and is available for free here:

https:/irellek.net/book/app-comb.html| _(https:/irellek.net/bookl/app-comb.html)
The solutions to some of the exercises from the textbook can be found here:

https://people.math.gatech.edu/~trotter/math-3012/toppage.html
(https:/[people.math.gatech.edu/~trotter/math-3012/toppage.html).

Grading: The exam on March 16 will be graded out of 40 points. You need:
18 points for a grade of 3
25 points for a grade of 4
32 points for a grade of 5

There will also be 3 assignments, each made available following a problem session (see the
schedule below). Once made available, you will have 2 days to complete the assignment. Each
assignment will consist of two questions, each worth 5 points (10 points per assignment). These
assignments are not mandatory, but they will be graded like exam questions so that you know how
your exam will be graded. To encourage you to complete the assignment, extra points will be
awarded towards your exam for completing assignments. The sum of your grades on the assignment
determine the extra points for the exam:

15/30 -> 1 extra point

20/30 -> 2 extra points

25/30 -> 3 extra points

Each student must submit individual assignments, but you very encouraged to work together on
the assignments and to ask me questions and for hints towards solutions

If you have any questions about any exercise you are working on or about anything at all, please
send me an email at:

colin.desmarais@math.uu.se (mailto:colin.desmarai@math.uu.se)

I will try to always answer very quickly. If you prefer we can always try to set up a zoom meeting to
answer your questions.

r h le:
Module 1: Fundamental Principles
Jan. 19: Permutations + Combinations
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Jan. 28: Combinatorial Proofs + Binomial Theorem
Jan. 29: Multinomial Coefficients + Distributions + Lattice Paths

Feb. 3: Problem Session 1
Module 2: Three Principles

Feb. 4: Review of Principle of Mathematical Induction + Principle of Inclusion/Exclusion
Feb. 8: Principle of Inclusion/Exclusion (continued)

Feb. 10: Pigeonhole Principle
Feb. 15: Problem Session 2

Module 3: Generating Functions and Recurrence Relations

Feb. 16: Generating Functions
Feb. 23: Recurrence Relations
Feb. 25: Further Examples

Mar. 3: Problem Session 3
Module 4: Discrete Probability
Mar. 4: Discrete Probability 1
Mar. 9: Discrete Probability 2
Exam Review

Mar. 10: Exam Review

Course Summary:

Date

Wed Feb 10, 2021

Mon Feb 22, 2021

Wed Mar 10, 2021

Tue Mar 16, 2021

Details

[E» Assignment 1

(https:/luppsala.instructure.com
[courses/24243/assignments/49332)

[E» Assignment 2
(https://luppsala.instructure.com
[courses/24243/assignments/52453)

[ Assignment 3
(https:/luppsala.instructure.com
Icourses/24243/assignments/54316)

[% Einal Exam
(https:/luppsala.instructure.com

[courses/24243/assignments/54822)

Due

due by 11:59pm

due by 11:59pm

due by 11:59pm

due by 1:20pm

2021-03-09, 12:14



Fundamental Principles

1.1

Permutations + Combinations

Textbook readings

From Keller + Trotter: Section 2.2 — 2.3

Notation, Definitions, and Theorems

rule of sum or addition principle: If the sets A and B share no common elements, then the number
of ways of choosing something from A or choosing something from B is given by |[AU B| = |A| + |B

rule of product or multiplications principle: The number of ways of choosing something from a
set A and choosing something from a set B is given by |A x B| = |A| - |B|.

nl:=n-n—-1)-(n—-2)---3-2-1
0l=1
For nonnegative integers n > k, the number of ways of permuting k objects from a set of n objects is

denoted
n!

P('I'I,k) = m

A combination of size k from a set A of size n is a subset of A with k elements

For nonnegative integers n > k, the number of combinations of size k from a set of n objects is given

by
n n,k n!
(*v("k) — (k) o P( k)

k! kl'(n — k)"

('}") is called a binomial coefficient

Exercises

Suggested exercises from textbook

From Keller + Trotter: Section 2.9, exercises 1-3, 5, 6, 12, 13



Exercise 1.1.1. Below is a map of towns A, B, and C'. There are 2 routes from A to B, 3 routes from B
to C', and 2 direct route from A to C.

B

(a) How many ways are there of getting from A to C through B?
(b) What is the total number of ways of getting from A to C?
(¢) How many ways are there of getting from A to C' and then back to A?

Exercise 1.1.2. In Sweden, vehicle licence plates are made up of either: 3 letters followed by 3 numbers
OR 3 letters followed by 2 numbers followed by 1 letter.

(a) What is the total number of possible licence plates?
(b) How many possible licence plates start with the letter S?
(¢) How many possible licence plates end in 27
(d) How many possible licence plates end in A?
(e) How many possible licence plates do not contain the letters A, B,C, or D?
Exercise 1.1.3. In the town near your summer house, there is an ice cream shop with 15 different flavours.
(a) In how many different ways can you try a new flavour every day without repeating your choice?

(b) You really like chocolate ice cream, so you choose chocolate on days 1, 4, 7, 10, 13, and a different
flavour without repetition on days 2,3,5,6,8,9,11,12,14,15. How many ways can you do this?

Exercise 1.1.4. There are 10 people lining up to take the bus.
(a) How many ways can the people line up?
(b) If Anders does not want to be first in line, now how many ways are there?
(¢) If also Agnes does not want to be last, how many way are there of lining up?
Exercise 1.1.5. There are 8 customers waiting to be seated at a restaurant with only round tables.
(a) How many ways can the customers be seated at one table?

(b) How many ways can the customers be seated at 2 tables of 4 people? (Suppose that it matters which
table the customers are seated at.)

Exercise 1.1.6. You are back at your favourite ice cream shop with the 15 flavours.
(a) In how many ways can you choose 3 flavours in a bowl?

(b) There are also 5 types of toppings; sprinkles, cookies, chocolate syrup, caramel syrup, and chocolate
chips. How many ways are there of making an ice cream sunday with 3 flavours of ice cream and 2
toppings?

Exercise 1.1.7. There are 24 students that want to form teams to play innebandy.
(a) How many ways can they form 4 teams named A, B,C, D?

(b) How many ways can they form these teams if Axel and Maja cannot be on the same team?



1.2 Combinatorial Proofs 4+ Binomial Theorem

Textbook readings
¢ From Keller + Trotter: Section 2.4 and 2.6

Notation, Definitions, and Theorems

(-G ()

Theorem 1.2.1 (Binomial Theorem). For real variables x and y and nonnegative integer n, then

B n o__ - n o=k, k _ n L n n—1 n o i—1 n n
(z+y) Z(k)r y (0)1 +(1)t y+ +(n,—1)”’ +(n)y :

k=0

e Pascal’s identity: For 1 < k < n,

Exercises
Suggested exercises from textbooks
e From Keller + Trotter: Section 2.9, exercises 20, 21, 22, 24, 26, 29, 30.
Exercise 1.2.1. A pizza restaurant offers 2n choices for toppings for the pizzas.
(a) How many pizzas with n different toppings can be made?

(b) Suppose n of the choices of toppings are vegetables and n of the choices of toppings are cheeses. For
0 < k < n, how many pizzas can be made with exactly k different vegetable toppings and n— k different
cheese toppings?

(c¢) Using parts (a) and (b), give a combinatorial proof that

n 2 2 2 2 2
Z n\~_(n N n N n R n\" _ 2n
—=\k 0 1 2 n n)

Exercise 1.2.2. Provide both an algebraic and a combianatorial proof that for alln > k> m > 0,

() ()= () =)
k) \m m)\k—m)’
Exercise 1.2.3. What is the coefficient of z%y® in the expansion of

(a) (z+y)™

(b) (2 +y)*?

(c) (z+2y)7?

Exercise 1.2.4. Use the binomial theorem to prove that

(a)
() () )+ () + () ==



(b)

3" <g) —3"—1<'1") +3"—2<'2") ot (—1)"—13<n'i 1) +(—1)"<Z) =2,

Exercise 1.2.5. Prove that for all n > 1,

) ) () =)+ 6)6) o



1.3 Multinomial Coefficients + Distributions + Lattice Paths

Textbook readings

¢ From Keller + Trotter: Section 2.5 and 2.7

Notation, Definitions, and Theorems

e For nonnegative integers n, ki, ko, ..., k, such that ky + ko + --- + k. = n, the multinomial coefficient
is denoted by

n o n!
ki koo ke)  kilka!ee k1

Exercises
Suggested exercises from textbooks
¢ From Keller + Trotter: Section 2.9, exercises 29-31.
Exercise 1.3.1. How many integer solutions are there to
T+ xo+ x3 = 32

if

(a) xy,x0, 23 > 07

(b) 21 23, x0 =25, x3 277

(¢) 1,20 =5, 0 < x5 <207
Exercise 1.3.2. How many ways can 20 kanelbullar be distributed amongst 4 students if

(a) there are no restrictions?

(b) every student gets at least one?

(c) the fourth student cannot have more than 10?7

Exercise 1.3.3. How many ways can 12 apples and 7 muffins be distributed in 5 baskets if every basket
must have at least 1 muffin?

Exercise 1.3.4. How many rearrangements of the letters of UPPSALA are there
(a) with no restrictions?
(b) that have no consecutive A’s?
(c) that do not have U and S together?

Exercise 1.3.5. How many Up/Right paths are there from (0,0) to (8, 10)

(a) with no restrictions?

[}



(b) that go through (4,7)?

(¢) that always take an even number of steps to the right? (for example, RRURRRRUURR ... is allowed
while RRURUURRR. .. is not.)

Exercise 1.3.6. Suppose you are trying to find n people to volunteer to clean-up a park. You carry with
you a sign-up sheet and n pens in a bag, in case all are used at once. Because you like math, you keep track
of the number of pens in the bag in a sequence. For example, if n = 3 and all are used at once, then the
sequence would go 3,2,1,0,1,2,3 as they pick a pen one-by-one and return it one-by-one. If 2 people came
at first, and later in the day a third person, the sequence would go 3,2, 1,2, 3,2, 3.

(a) How many such sequences are there if n = 37
(b) How many such sequences are there if n = 47

(¢) How many such sequences are there for any positive number n? (HINT: for every sequence, place a 7
between two numbers if the sequence increases, and a \ if it decreases, for example

3N2N\ 1,72 3\,2 3.

What can you say about the sequence of arrows?)



Tosdey, Saner L9

(?/eﬁrw\u*a\(‘bﬂ% - Corbinodivr

\«)\\&Ar D) Co \f\"\o Moot D 7,
—herd by Rlye  conplerl,
- ’H\» neMorates Coumbnoy

— SOV\-C— PFUL\QM e ?V‘.:,Ll Cﬁ"“”L\\'W‘k'U‘{ﬂ\\\ a‘\""”f‘g L\&.\&
(o "WL\\"“"\'OF'\‘:—l a4 (350\% .

\,\)\(\1 C/OW\\O Moo TS 1
- A Y e\ SCodonS v Q\/(Q Methgrmeties

Ve
= kpplicckmd in Screne ;
_MUU-\L’/@KE’L‘\
- A’ﬁrl‘s’{«w\ ﬂfvxl-—lS\‘S

— %o
| oa
—,’\)\Aﬂsr\c/‘s

- ‘l\«ﬂ\vl MOE

—rpu?/%\cs‘; gw\? Yo eyc‘b\g:‘v\l Suf‘)(:&]ng So(JAbY‘S‘

?Dé-%\’“c (P«r N\C\\Q\_c_%

Q_‘_J_:\L_:__Q%——S‘—)-"-—\—"*w{\-\bw ?rmciq\c>g IQ A S ased 99( A OQlQAQenN-\— f\céKS, ord
R & a Sed L N oMer OK\_g’Q—Q@W\— Aos¥s, WV\ -%’& AU~ke~ og Loe~>
o Yy A AKX frone A o o0 AR Cogi® 1S min.

EM\g A Jé)y\aumv\\— \/\pJS a e CDV‘S:S‘\‘\’B og\ }-{ a\(\V\K o()\\bfg,
o AS\es & Side ddes, ond 3 0\@3%@‘-‘:3‘

1O i

Hows Gl dens, ae om e reno

L/'I"}O +S ¥3 =22



Zu\e, 0&'}(—0&0(}&%0\,\—{2\}@\\\7« F‘M(.QQ,\IQ A S asel e& h Jlmﬂm‘\" JtchS , ovel
R & a Sed X n 0}\8/&&;%/\# )V%KS) WV\ M r’\k)’“\oef\ of_ LoD
oyl a ASK frore A and o ABK Lean S35 e,

Cange . In P sttamal ™ foo prevwus exanple, hoys meny

\,JfW]S @t -\’Q»Qﬁ/ 62— Dr&lra o her| va@iﬁl—“vé £ a ogrml(, a
AN (W2, R e (ﬁ—s\«, G~ OC Kt 7

Z/'*IO’S\-S = (oo
Sty
DM‘ A‘SJ(_% (‘3( L"’“‘A 52 \'eg-\’\'\ N E\’mﬁ M, sed X ( ca\eA a~ g»b@iﬁ

.\5 (AN S;U(\(,‘\'\‘UV\ S :{\ ‘_Z)-"';V\i —>><) L.)\\—Lr(_/ SC}\ N -\f[,-¢, '\‘-{'\—\ C\'\N‘&(,—ICF, UC
USUA\\# Locy \C/ S & S— Y\ %7 Ya "'"><4,\3 Wnee. X = S(_'\\ .

Ezé__a\b?\é_(\mw““( smés\- Z—zl‘- X:%o\\"), S—l—c\vzg 53{1.2, ok % e
Cﬁ-‘\d E,v\ﬁr\/, .S‘\f'\"zg- ﬁu\r »&M.P\e' e o\ "H’b % b.m«-’ S.l.(,zgg

o5 \Qvg“\ 2
oO® o < \O 11:3) ‘C? Z l\'ol

Thew ove_ N \D'IV‘F‘"‘I >(¢w§5$ s% (evé-\—l,\ n!
Foc  nch ., Here ae Z chojces o sGN:z O L. So A7
t e cule of ?FOJ'QC'\' M are
2-2:2« = 2 = 2"
NS

v -\—ng

igs ob Qeriirg ov et Sheimgy 5L leghh
gjif*-?\f:" ('“‘”“1 Stergs) el X=10)\ -k - Then Siflead =X
S a  m-am .S'{'Cu'é o \-eréjf(f\ N (,L,vuru, o M:Z’ -{—crmﬁ,{ \f_ M-_'s‘)
Thee ot A A= S—\—rw\ég e \€r~é¥L\ N .

Ca( foesa\ St X, e el 53428 X o X—Skmé



(\BQCW\U‘\\’AX\'\"D(\S‘—;
D&\«/_\rw - $Xw3§a{l.2,_-,\<3 —> XS4y S:Xb Xy,
AT A e K of Yo cload A R

A O\\QQQ&\LNXV
I K> |, —\/\,-e»-\ C/\e“"i“] pe el | XV 2 K 'Ck- A?Cr'rku‘t‘mf\b/\ u'£-

S called o

gk~ K {0 exst.
E_&_w\&,‘ L@{— X:{\\leg. TL&”{C o 6 Par-mukca-\]af-\ 54— lﬂzﬂ-\ 2_ g£
We elees & X,

12 Z | 2
12 273 22

There ave 3 wens of oosag %, Lo X, ot 2 e o4 CLoon X+
fCFOL,« )(\(x,g‘ pX é'y —\’Lc, role a‘e-?\ra}uc,—‘w T 2=6 LAYS 4 —Car“‘"vs
M~ ?«}""U’\‘—v\'\‘\)/\ o-Q I'QVELL\ 2.

(De,?ﬂ\r\},'_‘: . For n= 17, -y delhe. Nz neln=Drlnaye - 220\,

Delre ©L=1 ‘
G n3 ¢, delre Phd= org
_Vl\'_ ni \ ‘

NO\'.‘\C& ’\'\’V\“ ‘?CT\\Q: - = A
n-\L ol .

?eooo&\\bf\ TP X = ek 05Kz, Hoon Hee ac Pln )

-

’P(r'musta\-\—\o\r’) og \ér\é—u\ (S S:(‘QL/\ >< ‘
@:9_0_3- ' _|/|pdpg_ AT N Loby S b—p c,LaoQ,\/é X |
Trere are | XAXZ2n-t s £ chosig X,

Thee owe L X\ {xuxk|=n=-2 wegs o dmos,«-é X~y

Thet oxe lX\EX\)Xa;----;XK-.g\ = V\—&*D.—_V\*K‘H IS &e C‘\pas,\g )Q

g‘l _+LC (ute, d-e F(‘c')o!oc?(') —&—é\e,( aye

neln=10)n=-2). -0 Ln-K+0) = N =Ne e (N~ (Ao <0 2327
«\‘K‘\' ""°3‘Zo
N lo (

— — (PLV\\K> Q

Yy
Leys o —Q—M%o\ peritadvo~ & Jergln \C Koo X.



M\gi \/\ow WG~ WS Con N '-\Dto?\&— be Stodeh b oot Aeble?

T A% exeple, Anb % c
A ) c
o

Cour) GS e Sobe sy &Y \}@\2_.

Zé”" N ZL —H—-Q_ A v~ e d—:ﬁ Loeyd a& S-m-l—\\‘g I~ 'P(‘DGJ{ a4 a coud ‘faéfej
|24 L.\ be Mmooz o oy § Ug Lkoo&ﬂ‘g o heed & Ao %’C

C,\Ed‘\‘-'l \’\:Y\. 'I_Q we/Sec(‘ ) ’?—coP\.e) -—Hﬂa/\ cyLooS.e_ oslaeao* ;Q,#\a

dalle, Mew red the nehes Lo He hed Ahan A lockisis,
I @44— o ?rmu*m’-ﬁw\ vg +he nares

A
7eO» —o BAD
by
"
So j&\/( He c-u\c o'()— (fr‘oa'uc:(-, m"}’\': 'PCV\\V\>

SO A’Le_ N Ve b-f— uaﬂ& ‘b(— ge,/\,\,é 2 ’\>—Cogl~2 avl—a\rou\,‘,/* 'Iz;L!(

i)
‘/g N — , (‘Kl“\ - \mj‘ - V\. (y\_l7. - ’?’Z~\ — LV\'\ l\la
A ~ >~




Cg WUANUR AN

E&ﬁi\&/\:.gy— a e ><) ol Co by of cleneds Hrone X
< o Soesel AKX,

C worde; T are (o combwhos o size 2 Lrom XAabiedd,
faly  {odd 5 Lok

Sacy iLI& { a’d;
Z_:E"- C.CV\\KB _P‘(_ Abe V\UWOL Cop\[a/wc-l-vbng S—(— S K —C(«Dw\ ><)

(n | o
Debridon . For 02 kem, b (D= e = zos, S

K K (n-p)!

/l\\c, “0‘0«\‘0«'\ V\C-(—'\\’é\ Os— nC'\Q O— (/r\l( S a\l$0 O‘C‘({ SJ
Lg):; W choste K, bivorsel cgéﬁﬂrL\\elV\+_ ~ e

?g@@3*\r~__;_h‘. IQ IX\=n cnh 04 Ken, Mo Moo ase
(D) Comdonbios o Size K Ceo X
Peool Let's look ot Flnk)  ase™™ To e on (ecbndeton
o siz2e K Lror~ ><) L Coold\ f—:«s\— ¢ \oote oo Sobsek AeX
o Size & e~ ek o\?«‘v-w‘r*"m\ Qror~ A. TThere ac= Cemy KK
S‘u),;d;gA o Cire Yo —Qrov\ ><3 Apdh %K.KB:K\. '\Def‘wﬂ&hb»& A
Hhe  eleretr A A So bq He f‘>~@}u<f\— r‘u\é}

C(N\KB’KL :’\\)U‘\\KS
VP nky A N
:;> C,CV\\K): ) - _ = \
K! ¥ (n-v)L L

Z7



?C‘O’)oSLDV\ < B L\A ¢
Dol 4 QKB aL = (o N 4

|U(h AN (m NaW 4t (r\(\ (h n~eN

?‘ﬂ‘_‘t_zi Z,:;J- l)(\:\r\ E\;e/# Ve Lo Choose oo Shsed Agx
og Siz2e K) & ore \9(7—{— U e Soyet X\A_ < X o S3e
ﬂ—K) an™ AN B gL)[Dge"[“ 52—- S»e n—|¢ &~ be celoewed ‘\'LTS
e, go)

(D) Cenmr =Cernmr= (25 77

T]’\& —Px&—l' Q(oa-g- > a\%e,]oﬂ‘f-?(_,) ,.\,Lp_ Sec,awﬁ S Co}-«b'm‘fvﬁ&\-




Tl‘\ufﬁh
&9‘”"191\‘\0\‘}@}”\ rpnpaQ-g + %Imqu\ Thearer——

“1)—:Scmwx7 29

C’)lfv\b]m’\\ym\ D@&Qi

/,\/\6 -\A‘@o\ o/fr o~ COV\L\M‘\‘WJ\U»\ Probg— N Ho P(gv?)&-
78 ('/Ot)v\‘\h'\gﬁfaum%% g:o(_ Lohe_ id‘\‘w*i)ﬂ{\ ég,,{_ew\ IO\/\

COvang) e S *\’\.‘v‘% A A\ngenk eS|

a0

Eymw?\f: g FO(— m?_\> \,g;& Sc,vx\:—Qz XK. D{o\:ﬁ— vi\'k 3(,"\3: >

Z.golf\ a+t ‘H-«C. Cnt\) Xind 1) NM—L Ioelol\_)‘ C!'e&f'% _(’t\é/L Aye_

(A+1)-bnt Ny o (NS Povts,

i\

R

COUV“L' -I’L(_ ‘MA'l n ’Po\\n—‘-\ M VL"\C _C'\/S‘- GOIUPV*\) %.a_ (A4 n~ | '00\\'—“ 1%
Mae  secod colomn, ehe .o Mo st pomt i~ Lhe ~HL coloin JAAJ,\%
—Hﬁ%e ea-*‘?\ ‘\Uge—Her' Z);\rds Sty = g—;(‘ Thee ove alSo  Srs Porfr
~ e L1k f,)om'\- ok -—"LL § eco-ak w{;h\ Lost 2 lOD"‘“H Z e %’.IJ (o/UA-M/
edc o Ve st ?o?"*’* ol He_ |, colorn. That ave ny |
Patr\-{“\ ehain’ 0\(/\+ {j.et al?ogocw.‘, So) ZSCV\B -\-(m-}l):( n+ N2

: N+N2 — Cndar) N4 W\ - "

g(n) = > = +>((2V-‘+ Q — %’H\ X




Lxorples Show At 2?‘\(2\:2“.
- K=0

[\)@ Sau et e —H\m‘ —H«Pr& cre ZV\ }o;m(\, S—lr,gg
09- {ar\é%\ M.
I:\yL K LeAweaw O ant n, ﬂwg'{ Cowx-\— —\i\r(_ (\LAALV aP L:\\'\cw\(
Stevgs Wit W st Chosse K (Fos#\o»s: Lo e 15 ad
T (rce oS e\rem,\_}(lpe else

eX"Y\‘?/ | © @) o |
<=4 R J7 A
Fhasiat <32, %

_ N
H’\éut— oWt LK\ Loe~S 02 c,(f\ooS’wg H\t K ’\DOS{—LM, So \Ue./e
cve U?_\ k{ma\rv\ S—\r}w&S LJ\"\’L\ Ve 1‘5-_
g‘)\MM\r\g ové~ =l\ K) ve  Lount  all L‘W‘r”l s-}n\%s_ Seo
N
— [N "
2 (K> =2,
KD

f\?fi@:@:c,\\\ Mk a Corlsiomnbon N a sosed W& X So
g*““’ ‘\’\«c—\' \g \X\:—V\] Wl« T-l— lf\é-S

fm« Jboe, e con ~So

Zv\ Aoval Sobs eS|



?ﬁsco\\\s 70\@«%‘397: o 14Kken, 111 o

A e\ n=\ 1z 1 Nz
(K\:k\/\’\\%'K\CB 12 3 1 ue3
L4 6 419 vy
A A
Moo oot - N W G aney Y
. —_— .\ N~ _ = '_ N~ '_
(Q_,)* (- K )‘ ((-!)’,(r\—{y * KN (KD
< Cn -], Lr kY- (n - n -0,
| A =~ — :
AN ST T Y et =C(heied ]
AT TS Y
- Kio(Y\—K\\,
|

N (N0 e

e

! (-]
= (%
C7Q\V\LDM‘\'®<‘|\0\\ (PWD&_C L@DL at o~ S>€'{‘ X L_,\.‘u,\ - aédcg_:{‘g, Apt {ﬁée{

one & Ahe obieks ¥ L Krow Hed X ket (2) Sobseh
D«Q— Sz

L.
@&@
g b _°

"TD Couvx"\' “’Lﬁ_ f\U""\'LQI- o-e S.QLSC‘('S C){— S\E-e K '7LL¢=~+ W‘C\ua‘{- &‘;
’H—\Ed— AT (V‘:\\B L eys v—?— C/L\o9$]f§ Me VQM’,M% K-\ E\C\y\—ew‘\{,

/) Covet Al A or~ber o-e soboetr 3€ Gize K Mot do rot Mclodk
o Ve

% e pve (V\K—\B loerS of C\r\oogirg Ahe Kde&\’«\“’i‘ f\rm\
) n - N~ \
/HnoSC- /l’['\ajf ot \/\0\- ¥ . Al—\-ﬂé&umﬁ“, W\r& aré. K—‘5+ ,;)
guL}{k be S 2e K. e .
N
Sa\ (.K)T )<\1>+ ( KJ'



Kvroraal “Theo e

_/ﬂr\{,or@\'v\” Y:D(_ A~ ez V\L)lrvxl')ﬂ‘& X aNA\/) oA -Qw\

e\rﬁr‘»l V\ZO} A/F_LD'N\OLV;L\ QDQQQ—\‘C?@/\\KA
N _D\: r\ K K
(x+D"= > (¢
S K-—o
b)‘r\(g\w\{a\

ﬁe(— C)(ﬂ\\ﬁ,.?\e/ (XNXZ py X3+ le\«/'*"z)(\./z + \-/3

= 35’“/ (T *’(33 x5+ (g)xavg

(X+v\}=(m> a— the (?Lf} Coeqs of 3244:3 KZ\/
A

}wu&’ 159«- —\'\«e, b:\\o\«w\\m\ _T\veonelmi

oot wb o= el o L
~ Lackors

1L e woldseh €u<n114x.r;3 ool e o lebd Gl fyeyd Sl A
\'e\f\é—\\/\ 2 asS -\r'r& e~ {i —\Jht_ -é’y?a.v—gﬁ-/\ . é’;:c,\'\ '-\54“"’\ CDV*&\fULJNol
\911 O'Mso.&(\'ﬁ Xol I gl g%&@f*

(PO <=+ EXg LX) XXy -

Cm’ 2ty Ky onte Ssmfr&a' avery  Shevg w% 1<y (ot

hok )s) SimphERt 4 TRKD Tk al glbowe w it Licgeq Heg,
thew cre (K\ L %= SJr(.\rg& i~ Kogls S Lhe oeflriot of
Vabn ‘C\JK al lec QW\\Q\(O«I,W\ N CV\B

T AddC Bor wl g To (s S1(ENTS.

L&)



[&P\E: ?(ov'{&\c Z UA-F'C-Eerer\"_ ?J‘Ob‘(:s +£\A+
3/1: ('/0\)201- (1:\\2\{_ N (:\\ZV]. [Hink: et L’Q\—_(?KS\

il 17 Ue oot Yeqnory Stengs (§onl-sverg) ot leg n
C/‘ 20c\~ '\3951—\\‘0\\ —\—‘V\erﬁ— cre < c,LOTOeA) So -\f'/\@\r(_ os 2"‘ -\e./v\a‘-sz
LR RN oA \—evxé-l-l—\ .

Coe K Lehpetn Oondn, L% Count ‘ecrary  Steigs oMo exeet]
4 28 TThee are LQ) Locwrs o—() C,['\(aoS'w'*g lhe ¥ ?DS;LW‘ Lo~ L he
I%  and cwe olker pardee I 2 dheites, edthes 0 L So
_\qu huMLt’f\ s L -&{rmw SAcs o/-e— Le,,\é-u,\ " w:ﬂa e-vcac.-l—|\7
N . n-k N ~
@ 2 s g by (R)Z70= (NS
Su\/\»w'\ﬂg ove~ all K, Lu<_ "DZ-L _\.»L& Jrv'l-c\\ V\U)wla&/"o‘g
)\—‘Cr Y\-O\.Pv/ S—\( (\'"§\ So
n n
3“: (9320 \'(T\Z\’(‘ ---- 4 (2)2 ‘ D

?Jomf Z ) Se Me R.’v\oh‘\a\\ T I~eorei~

n-k K

3= ("= Zy\:: (QB\ 2
K=o

\/\

:(gz°+ V\\\z‘&---——JrKh}zy) &



C Iala —Sowxw 7
MJ\\'MOW\“\:&\ coetfireds + i
‘D&-\c'\\aw\-\w v LodRe rDka’L\S

Q [/ Xy P&/\g& y\,\e,\—R ( r\)ﬁﬂ— 1\

%_’ a rewmv%el«mQV\L S XNSJ”“Z) S, L Mt smother X - S—(—/.’g
2 Ohere  2nda elen~ed L X opptas Me S nu—le— ot Fines
A S (ﬁvwoL 3\ .

éﬁw\g; e owe how é, rearr‘ayée_pe/\% S ARRrA:
Az AARE BARA
ABAR BAAR TRAA

(_P-‘:O(POE‘E‘E_/\? L@-\* X:{d\\]}; e oo eleesds. -TL’\’; r\uvnév‘
X,bs\m\é\ 59» \“e"‘és‘\’l/\ N WA B oAS oA =K s s giver

QAR
(\Dfﬁfo" SAanc aSs Nkt st e
Orda e Savo Lot inr . OOF A He n Py, choose
K PLM&S Qs L, e S N ’P’M Lo L)'g’ andd
Yt () worgd & iy AR Choite 27

o-()- \0‘(5—\’[/\ N, (:DV-S§5‘(\'% OQ—

b

q  Sheavgs O N AT RIS N 1

A% A Lov»&e}\;u\ct) ;f S H oo~ SHNy
2. 5\1)\”\00\3 Seq & ond L) Covr £ AS, J(\r\&r\ Yese are (V‘\;\

(‘CHCW‘C&M&A—B & S
NOL.J e uMwd SOwe Q‘?{)\?CM“(D"S SQ\— (‘eum\g{,)\:@v}& .



(-\SM cibond (COMRLSSF—\‘WB ;‘\gi&ﬁ_

Soppose Le P o indiShnegsheble obt o ke Hiske ), oked
N\ovxas—\— W }‘\Shéu\‘SLcJole_ Sropk-
éfo:_wz&: 7 shduak AR,C acc Corged ey C«- 2
O Mo edo— L how oy LoqS  Con He Ponb e

"\DOSSL\" et~ eonod

A CHaoked
g A B | C
( WIoS ! °
\/\T_Z ) g
=2 2 | e
o ® &
® o
& o

Vorshon s Thew e ()= (87 e o
ﬁ;‘.xim-,L,umg A ieditiguthulle pbgedd  dmanget K Lihag skl

?L'oflc-
?‘L—O—'EL Uom 0\!‘0\ stos Nsuw\&w‘\: ij\g*mldn ~ M(ra%euﬂd O?

K-\ barS [ andd n SterS ¥
op, K2 (2 bea) . =2 (2 stas)
¥ A\ avi Kl =4
x| | 1 2 24 5 e
~
| ¥ a1 e e e
2
| <L S
R e

c\l\ff’ +LI—— S*xd'g \OC-ewo_ —\'(/\Q CMS“ 10“‘ ‘\'O quaq i) 4’L\L 5—{-‘\‘3 Lé—(.__p,\_‘_(,k
-Qn\’gk- ok St coad \ood to I,')‘VSO\'\ 2 efe ... o | ‘xfg"/\ K 6A dhe St

Rlo  throo (Kb bor. TTh&C ave (P = (MR rerergeneh
So —HanL S V\Z\K\_ l B - (V\tfv | X Lo S b‘ ox'lk‘(r'.lod‘h\,é ,.\_LL oé\gfc/‘(ﬁ_
: Z)



Evenge e o how mong fakge solokiont o
\%“/’—\
)<\+><?,+>61‘— l%> Xu)(z,)(w_>207_ X, ¥, ¥y e i(\—(‘eéw‘ﬂ,

Vfrbrg- o4
WS & Aok 12 1O skonst 3 verislled. —Theve. are

("HE) = () sody dutribobes
4_7(-_”\‘“'?{_’_1__7\’\9& e o heong IR Solobh»t 1o

X +vaba= 12, ¥, 2\, 3273y %25 ¢
Sta LL7 i e 1 S %, % 1y Ao Xz, § 15 Yo 3.
Thoe ot nos 127 ()23 11 vemeining, ardk
(7B (Y coegs o dihobobig At e,
OF Jeb vy, =X\ M2 3X273 Y3 =¥ e SAADA ity 22, gy 1 29

ae  SolobwN 4, R+9 T\ttt 134 = i) by 345 XiF ot XA

£a44]& (\\&\.’)\'L\& szl: Xo 2._3/ Xlzg-

(\)o\)(\,\g D~ Nve ndeser \atdice Z\fzd (,Or%ﬁ%wé ok

B roremant o e Ak (XD Lt e |
UD) reovenaat ue ‘ ( X\ —> (x\x{*—\\
3,5
gﬁa"w\f—_ . 3 ® J— L >
v
(v .
Ho(__,) R~ \0\-\*\'\—'(2/ (?0»3(\/\3 e 3(\«\-63'(/ Q(-o;—h (0103 o (2"5\ \

Mo oedtn il Conspt F 3R movemads o LU olrena
S e o~ loal et ~| \reorrov\%@mon-\d £ RPRuLUVU. TThere

Aare (%3 rcarrw\yb—\ﬂxﬁ, So (—g> Soc Pa—H/\S_

T %wﬁfﬂ, Hrere ove (M;_Mh = (Mt\V\B | 2o ’Pﬁ'u"& ‘Cfoh«

(o0) 4o (s,



Catolon ot

‘/\\r\e«e, 7 N N O R [Ardce f‘?fv\/\»& Q\ro»w (0.0) Ho
(Y Mk newe Ao loo Me |ine yzx

‘,{7)(

B’:}l‘__—_\_‘r’\ K Qvt— o~ ’-PQSAN\!‘L' '.r\*\c,ka_r- N, AQG\—L Pl Cp/\’\@\m/\ non~le~
Cods vT\I \kzv\‘/\\

?fwffgz\r/f\\t rute 5 edie s Lo (00N 4o ()
X/\M e Qe loﬂ\ou Y \ire =% D Clm™= v&\ 20\\_

v\

?_rf_b_g " /.e,l— GL LX— 'H»&-— SeA- ot \\2900&“ ’P‘\-\'L\ —k\ws\- r\ever‘sa
J2\oww V=X ant ¥ e feb & S\ pord ! '\\—‘”M"S Haok P E |elow (=X
e weny (-

Ck“{‘( LG+ Bl = (z;]n‘)/ He Holal # of q%“u‘S Lo (0,0) to Grin)
Lacl. QH—L\ (_of(‘?Spovx)—C o a ((o.(ra.r\-ﬁgl\.a_l( DC MPQEU—Q ) A

Pede D Mol [ Soe all 12740, Hee ove He soras momber or neoc
U\S ‘-\’L\ﬁw\ Q\S {\a\ ..\/La g\—&* —T r\)oS»"LM ,
o URULURYR “aml’/) uwWle JRURRY S N bd 7 Sl - e

(232 a b

Co‘iv < ")O-(:"L\M MHee are ~ore ‘,ﬁ\& Heen U‘S

Toke o |lowdr ?“"\'L‘ S, ond  led e  MHae Srallest ~un~lec
L whidn Ao are o Pl Mo U'c fw Mo Lt < POSA‘H’ §;7
Mo om 1 US and 40 R i dhe Quat 7 posihod, For e
?93(\'-\V~ ‘57) (€P\aoe Me [t eing n-Y (-€w~o\’y\é U'C wille 2‘& erd
({ﬁ)(ﬂ{—c_ Aﬁ{ r‘CM‘.«flvg n=41D \Q\S LAl U . TThee are oLy

Thn -(H+)= -l u's ond ++|+LV\—T>—:V\-\'\ 12\&. go ALL (PKA‘\‘L\}
(> Moo o quﬁ Feon (0,0) 4o (n*lyn-),



GICRUCAV LR SRV &@
m:’-\ ?

j /L’, D-\/Lfr‘ O}\NL—\DA \£ (e ‘\%& 5‘—%’\"””\ ‘CY'O'N\ (o,2) 4o C"*‘)V\“S
—HNC:; muSY  evetuenlliyg Le vr~ore 12& -\—Lp«\ O (- Ahe LCoasy
Pob A AL Hhet ol chenge Y cemaiig R Ao S and
\)‘s 4 lZ\,S Ao o(\el- o~ \\LCA(/ *L\ Qrau\ (0\9) Xo (\\\q

go ‘EL [ ejdc‘k 1o ’H‘L hUL"L&‘\ °£‘ "56-'\4'\2 'Q(‘OM (912 4o
Lnat n- W\/\tc\/\ "\ (n«—k)'\- Cn- LB Lz_v\>

Theelsey, 1G]z (50)- 17
= (%)- U2

Gn)L - Ll

), \ \! (
LV\‘\’\\V\\v e (V\ \\.(y\‘\—\\) : ( ‘\\' e \/\\
— (D, \Q’\Jc\\(z.\)‘,_ A (2 nn-\. N
\Q?V\-HX Lnt AL th_‘_ N
— o~ TR - nAY ) th 27
B ﬁ(""*q""‘.v\\, w4 ~

Nﬁ_\lfe“f. S (qu‘_&_(fﬂf\ s et Lo (00) 4o (2410)
(,oh$‘\’>\>(é OQ‘
U)X = (kv 9 Y
D\ L X)) — ( YA\ \{-\)
vt ™ Goh be\lols e li< X=0 - \ e are C.Cv\\

D e Lo (20 4o (2 ~, O)

(3D) Y=+
A — A



@mvmwgemb UPM*ZB bopao bvonaal e L0 et

Thewe ae L’\ow NG~ f(o\(‘mvtéqu\e—:\-’s & %ATA@ASES—?

DATABASES Vs R lebea, 2 A, 2 Slo, ok e
i b DTRE. TThewe ove (_2} IFASAN » ¢ C.(’\-DOS—;{} fPaS.‘LD-s
Lo Als (C£> RYIY C,\pwoS}rB s Lae S8 Leorm Mo

\
t k,-&:\\\'ﬂ\g c’) L!/'{) l)“*(s a-c CL@QS:(& ?OS(&-\M ,QM 'B
C5 b
L3 4 fa R
(G —_— o€
Se P
e Q(Y ﬂ‘_ /gr . Otl‘ B c(
(ﬂ}\(%\ﬁljx }X lj({\ = 21 20 9/1@1—%‘ —I—l'; £\ - 3\‘2(-‘_1’\\'“‘1 (3,2'1‘1'|‘
' Vg AREREE
As vt Re

'\Bf—gim‘hﬁ\/\ J gof' nov\v’\@\kr\\ﬁ/ {VV\’CgL/‘S N, K!3K23°"‘\4 < LJ;‘\’L\

T
Kixr —+K-=N —\/\ac,rr\u\&%ow:a\ coeggtc;\en’r AN glavokof

W

N
(K\\\(l) - =) K(B KN e,
A\
M%_ " \/-)\"ew-\ (:2—, (O, & QW\—P\'—) &‘-’-‘Y\Ostﬂ, LK\)\C)B 19") ,\/(_((_‘
ot &Grieds (\pu(-,\ = (\2\\ = (»2,_\ CSivee Ky \47,=v\3

b'\ mv‘—-\o‘\

?_rzqos:ilp:__\__rg gv@()ose, < S a X~Sz\'cw~g DQ— Keﬁé}/\/\ Val C,av\&fﬁ-hg 0»9
K\ X\\S) \4-7, XZ\S; -y K\( X(\B L,J\/A\"\’\ K\‘\-""‘\'Kr:l/\. /_[,—\/\ﬁfb e

L‘(_ .V.\,K(\§= (%\Z({ Cal Fw\ﬁexwa«,&—s L s

Ve ould ?ca\rt_ —\J\,~T\ WQ@STXNBA \OV; O
&S aboue,  lov \ed's oK ot a AiLlere X a(soy\,e.ﬁ\-,

Droot o, Consider o wew et x‘:ka',x"x--\ ¥
—

Sthalee RIGonet

\ ES
)<2 (*z\'_'l XZ
C - »

v Vel
. DA TARA S ¢S <L xR &

y -—-, Xr

)



Z:C“‘ 2 l>¢_ e ~odoer o rca(r&véu\z«c\-& ok S Led's cont ~\|
?e—(h\u‘\‘(}\-\\'\l—S of l{’}}u\ n Kcon X, To do %’L“\) JaKe o
rf‘frﬁf\é{\'w{w\' o-ﬂ S) Ond ‘(F\N“ X\S'S Lo X(I\’xf\ ""XES’ —D\C\f
Ree. ‘K&\ LaeyS O_ﬁ (‘QQ\OC:% )L-B\_S (H— Dﬁ r?!fb-u'\wh‘aw& s f

X\g > Vf) -y X'bl(& 5 ' &1 -‘—Lt ?¢o}o c;‘— (‘u\L—) +L£ Imbu\LQr" J‘(‘
"\32(\.&4‘;\7«\\%4 bc— \-€v~g\i~ N Qrg\.,-\ y\ TS &;\re\—\ \0\7

2e LKl Kelm
s Re o= )
‘\é‘ Q = \<-|.K2,l. .__.K(_l‘ 'JKI\- --,Kr

‘U‘W‘QIN\ (Mu\'lr’mow:m\ /L\rfwe(,.f\\ g Cw— o~r\_1 r(o\\ V\Ul—«xbﬁf&
<\ Xy o= X, VN R ’\boSrLIvt ke N

N
" | Ki ¥ 4
(X\'\'XZ‘\’"""X(\ = 2,( <K\‘KL3-~-:KA a Xlz_—”xf‘- ‘
Kik, --»Kc2o
Kilka ¥ - K=
\/"\_—/

Son~ e o\l ?GSS'-B*'
M—\cgd K20,y 20, - - K 20
SudA~ Aot KAkt - +Ke=In |



Solutions: Fundamental Principles

1.1 Permutations + Combinations

Exercise 1.1.1. Below is a map of towns A, B, and C'. There are 2 routes from A to B, 3 routes from B
to C', and 2 direct route from A to C.

(a) How many ways are there of getting from A to C' through B?

(b) What is the total number of ways of getting from A to C?

(¢) How many ways are there of getting from A to C' and then back to A?
Solution. (a) By the rule of product, there are 2 -3 = 6 ways.

(b) There are 2 direct routes from A to C', and 6 ways that go through B, so by the rule of sum, there are
2+ 6 = 8 ways go getting from A to C.

(¢) There are 8 ways from A to C', and 8 ways from C' to A, so by the rule of product, there are 8 -8 = 64

ways of getting from A to C' and back to A.
O

Exercise 1.1.2. In Sweden, vehicle licence plates are made up of either: 3 letters followed by 3 numbers
OR 3 letters followed by 2 numbers followed by 1 letter.

(a) What is the total number of possible licence plates?

(b) How many possible licence plates start with the letter S?
(¢) How many possible licence plates end in 2?

(d) How many possible licence plates end in A?

(e) How many possible licence plates do not contain the letters A, B, C, or D?



Solution. (a) For the first option, by the rule of product there are
26 -26-26-10-10-10
N . N, et

letter numbers

possibilities, and for the second option there are, by the rule of product,

26-26-26-&-’1_9-\291
letter numbers letter
possibilities. By the rule of sum, there are a total of
26% - 10% 4+ 26* - 102 = 26 - 10%(26 + 10) = 26* - 102 - 36
possibilites.
(b) Fixing S as the first letter, there are
1:26-26-10-10- 10+ 1-26-26- 1010 -26 = 26° - 10° - 36
possibilities.
(¢) Fixing 2 in the last position, there are
26-26-26-10-10 -1 = 26" - 10?
possibilities.
(d) Fixing A in the last position, there are
26-26-26-10-10-1 = 26 - 10
possibilities.
(e) Removing A, B, C, D leaves 22 possible letters. So the total number of possibilities is
22.22-.22-10-10-10+422-22-22-10-10-22 = 222 .10% - 32.

Exercise 1.1.3. In the town near your summer house, there is an ice cream shop with 15 different flavours.
(a) In how many different ways can you try a new flavour every day without repeating your choice?

(b) You really like chocolate ice cream, so you choose chocolate on days 1, 4, 7, 10, 13, and a different
flavour without repetition on days 2,3,5,6,8,9,11,12,14,15. How many ways can you do this?

Solution. (a) This is just the number of permutations of the 15 flavours of which there are
P(15,15) = 15!
(b) Removing days 1,4,7,10,13 leaves 10 days. Take a permutation of length 10 from the remaining 14
non-chocolate falvours, then insert a chocolate every three days. There are

14!

P(14, 10) — T

ways of doing this.



Exercise 1.1.4. There are 10 people lining up to take the bus.
(a) How many ways can the people line up?
(b) If Anders does not want to be first in line, now how many ways are there?
(¢) If also Agnes does not want to be last, how many way are there of lining up?
Solution. (a) This is the number of ways of permuting 10 people, which is

P(10,10) = 10!

(b) Fixing Anders in the front and permuting the remaining 9 people, there are
P(9,9)=09!

permutations of the 10 people with Anders in front. If we let A be the number of permutations where
Anders is not in the front, then by the rule of sum, A + 9! = 10!. Therefore, there are

A=10!'-9!
permutations of teh 10 people where Anders is not at the front.

(¢) There are 9! permutations where Agnes is at the back, and 9! permutations where Anders is at the
front. If we look at
10! — 9! — 9!,

then we have removed certain permutations twice; the permutations where Anders is at the front AND
Agnes is at the back have been removed twice. These need to be added back into the formula above.
There are 8! permuations of the 10 people where Anders is at the front AND Agnes is at the back.
Therefore, the number of permutations where Anders is not at the fton and Agnes is not at the back
is given by

10! — 9! — 9!+ 8!,

Exercise 1.1.5. There are 8 customers waiting to be seated at a restaurant with only round tables.
(a) How many ways can the customers be seated at one table?

(b) How many ways can the customers be seated at 2 tables of 4 people? (Suppose that it matters which
table the customers are seated at.)

Solution. (a) There are

ways of seating the customers around the tables.

(b) If we seat the 8 customers, then choose a head of table 1 and a head of table 2, then list the customers
starting at the head of table 1 and going clockwise then going to the head of table 2 and going clockwise,
we get a permutation of the 8 customers.



head 1

@ — DGCBHAFE

head 2

Let A be the number of choosing the head of the tables. Then h =4 -4 = 16. Let m be the number of
ways of seating the 8 guests. Then by the rule of product, m-8 = P(8, 8) = 8!. Therefore, the number
of ways of seating the guests is

p(8,8) 8 7

h 16 2°

m =

Exercise 1.1.6. You are back at your favourite ice cream shop with the 15 flavours.
(a) In how many ways can you choose 3 flavours in a bowl?

(b) There are also 5 types of toppings; sprinkles, cookies, chocolate syrup, caramel syrup, and chocolate
chips. How many ways are there of making an ice cream sunday with 3 flavours of ice cream and 2
toppings?

Solution. (a) There are (135) ways of choosing 3 flavours from a set of 15.
(b) There are (15) ways of choosing 3 flavours, and (;) ways of choosing 2 topping. By the rule of product,

| 50

there are

ways of making a Sunday:.

Exercise 1.1.7. There are 24 students that want to form teams to play innebandy.
(a) How many ways can they form 4 teams named A, B,C, D?

(b) How many ways can they form these teams if Axel and Maja cannot be on the same team?

Solution. (a) Each team has 24/4 = 6 players. There are (264) ways of forming team A, (168) ways of

forming team B from the remaining players, (162) ways of forming team C,and (g) ways of forming
team D. So altogether there are

24\ /18\ /12\ /6 24! 18! 120 6 24!
6/\6/\6/)\6/) 618 612! 66! 610!  6!6!66!

ways of forming the 4 teams.

(b) If Axel and Maja are together in team A, there are (242) ways of choosing the remaining 4 players,
then (168) ways of forming team B, (162) ways of forming team ', and (g) ways of forming team D. We

repeat this argument 3 more times if Axel and Maja are on team B, (', or D. So altogether there are

4 (22 (1) (12) (6 _, 220 18 12 6! 22
4)\e6/\6/)\6) ~ 418 612" 6'6 60  3'666!



ways of forming teams with Axel and Maja together. Therefore there are

24! 22
6!6!6!6!  366!6!

ways of forming teams where Axel and Maja are on the same team.



1.2 Combinatorial Proofs 4+ Binomial Theorem
Exercise 1.2.1. A pizza restaurant offers 2n choices for toppings for the pizzas.
(a) How many pizzas with n different toppings can be made?

(b) Suppose n of the choices of toppings are vegetables and n of the choices of toppings are cheeses. For
0 < k < n, how many pizzas can be made with exactly k different vegetable toppings and n — k different
cheese toppings?

(c¢) Using parts (a) and (b), give a combinatorial proof that
n 2 2 2 2 2
Z n\~_(n + n + n I n\" _ 2n
k 0 1 2 n n)
k=0
Solution. (a) There are (2,:‘) ways of choosing n toppings, so (2,:‘) pizzas can be made.

(b) There are ('}f) ways of choosing the vegetable toppings, and ("'_‘ k) ways of choosing the cheese toppings,
so by the rule of product there are
n n
k)\n—k

pizzas that can be made with exactly k different vegetable toppings and n— k different cheese toppings.

(¢) Suppose a pizza restaurant has 2n different toppings, where n are vegetable toppings and n are cheese
toppings. There are (2,:‘) different pizzas that can be made with n different toppings. We can also
consider all the ways of making pizzas with k different vegetable toppings and n — k different cheese
toppings. There are ('}:) ("'_‘k) ways of making such pizzas. Summing over all 0 < k < n, we recover

e o the fo e . ny _ ( n .
the number of ways of making pizzas with n different toppings. Using the fact that ( k) = ("_ k), we
get

Il
=~
Il 2
o
/N
o 3
v

Exercise 1.2.2. Provide both an algebraic and a combianatorial proof that for alln > &k > m > 0,

()G) -GG



Algebraic Proof: We use the definition of binomial coefficients.

(D(Z)zmmﬁkymw%mﬂ

(n — k)!'m!(k —m)!
n!(n —m)!
~ ml(n—m)!(n — k)l(k — m)!
n! (n—m)!

|

—
SR
N
—
> 3
[
3 3 -
N

O

Combinatorial Proof: Suppose you visit a bakery with n pastries. You want to choose k pastries for you
and your friends, where you will have m of those pastries. You could first choose k pastries, of which there
are (;c‘) ways of doing, and then choosing m of those for yourself, which there are (1,:1) ways of doing, so
(;:) (1';) ways of making these choices. Alternatively, you could first choose m pastries for yourself, which you
can do (:,'l) ways, and then choose the remaining & — m pastries for you friends amongst the n — k pastries
remaining; there are ( ,'c‘__!fl) ways of doing this. Altogether, this gives (::1)(

Both methods give the same choices, so
n\(k\ (n\[n—-m
k)\m/) \m)\k—m)

Exercise 1.2.3. What is the coefficient of 2%y in the expansion of

(a) (z+y)7

n—im

k_m) ways of making the choices.

Solution. We use the Binomial Theorem.

(a)

so with k = 3, the coefficient of z%y3 is (:‘;)

(b)

(c)
(z+2y)" = g (Z) # M 2)* = i 2! (Z) TRy,

so with & = 3, the coefficient of 174y3 is 2"(:‘;)



Exercise 1.2.4. Use the binomial theorem to prove that

@)+ ) () (1) ()=
3" <g) —3"—1<'1") +3"—2<'2") ot (—1)"—13<n'i 1) +(—1)"<Z) =2,

(a)

Solution.  (a)

Exercise 1.2.5. Prove that for all n > 1,

) ) () =)+ 6)6) o

Solution 1. We can use the Binomal Theorem. We can see that

0=(1+(-1)"

1
n) —k k
1" (_1)
k=0 <k
_[(n n N n n N
- \o 1 2 3 ’
which after bringing the negative terms in the last line to the left side of the equation gives

B+ 6 =)+ ()



Solution 2. We can use a combinatorial argument. Let A be a set with n elements.

First suppose n is odd. Then every time we choose an even number of elements of A to make a subset
B C A, there are an odd number that remain in A\ B. So the total number of ways of forming a subset
with an even number of elements is equal to the number of ways of forming a subset with an odd number of
elements.

Now suppose n is even, and let a be an element of A. Let C' = A\ {a}. Then C has an odd number of
elements, and so has the same number of subsets with an even number of elements as subsets with an odd
number of elements. These are also all the subsets of A that do not contain a, so there are the same number
of even and odd subsets of A that do not contain a. Any even subset of A that contains a is an odd subset
of C' once we remove a, and every odd subset of A that contains a is an even subset of C' once we remove
a. So there are the same number of even subsets of A that contain a as odd subsets of A that contain a.
Altogether, we get that A has the same number of even subsets and odd subsets.

The number of even subsets is given by

(6)+ (5)+ () +

and the number of odd subsets is given by

and as we proved, these sums must be equal. O



1.3 Multinomial Coefficients + Distributions + Lattice Paths
Exercise 1.3.1. How many integer solutions are there to
T1 +To+ x3 =32
if
(a) xy,x0, 23 > 07
(b) 1 =23, x2 > 5, 23 > 77
(¢) xy, w9 =5, 0 < ag <207

Solution. (a) This is the same as distributing 32 indistinguishable objects amongst 3 distinguishable people,
so there are
32+3-1\ /34
3-1 ) \2

(b) First give 3 1's to 1, 5 1's to xg, and 7 1’s to x3. There are then 32 — (3+ 5+ 7) = 17 remaining ones

to distribute, which can be done
17+3-1\ (19
3-1 ) \2

(¢) First we find the number of solutions if zy, 29 > 5 and x3 > (0. Start by giving 5 1’s to z; and 5 1’s to
zy. Then we distribute the remaining 32 — (5 + 5) = 22 1’s, so there are

22+3-1\ (24
3-1 S\ 2
solutions with xq,7x9 > 5, x3 > 0. But we over counted, and we need to remove the solutions where

1,72 > 5 and x3 > 21. Giving 5 1’s to x1, 5 1's to x5, and 21 1’s to x3, there are 32 — (5 +5+21) =1
1’s left to distribute, which can be done in

(320)-()-
(5) -

solutions.

ways.

ways. Therefore, there are

solutions with x;,zo > 5, 0 < 3 < 20.

Exercise 1.3.2. How many ways can 20 kanelbullar be distributed amongst 4 students if
(a) there are no restrictions?
(b) every student gets at least one?
(¢) the fourth student cannot have more than 107

Solution. (a) There are (204+_41_ 1) = (233) ways of distributing 20 kanelbullar amongst 4 students.

10



(b) Give each student 1 kanelbulle, and distributed the remaining 16 kanelbullar, which can be done in
16+4-1\ (19
4-1 ) \3

(c) If we take the answer in (a), then we over counted the ways of distributing such that the fourth sutdent
has more than 10. If we give the fourth student 11 kanelbullar, there are 9 kanelbullar remaining which

can be distributed in
9+4-1\ [12
4-1 ) \3

ways. Therefore, the number of ways of distributing 20 kanelbullar amongst 4 students such that the
fourth student does not receive more than 10 is

(+)-(5)

Exercise 1.3.3. How many ways can 12 apples and 7 muffins be distributed in 5 baskets if every basket
must have at least 1 muffin?

ways.

O

Solution. There are (125+_51_1) = (146) ways of distributing 12 apples in 5 baskets. Giving each basket 1 muffin,
2+5—1) — (6

there are ( 5 1 4) ways of distributing the remaining 2 muffins. By the rule of product, there are a

total of ’
16\ /6
4 4

ways of distributing 12 apples and 7 muffins among 5 baskets such that each basket gets at least 1 muffin. [
Exercise 1.3.4. How many rearrangements of the letters of UPPSALA are there

(a) with no restrictions?

(b) that have no consecutive A’s?

(c) that do not have U and S together?

Solution. (a) There are 2 P’sand 2 A’s, and 1 of the remaining letters. The total number of rearrangements

is then
7 7
2,2,1,1,1)  2121111n!”

(b) First, rearrange the letters UPPSL. There are

5 5!
<2,1,1,1) 211!

ways of doing this. For each rearrangements, there are 6 places between letters where A’s can be
placed, keeping them seperated, for example

_P_.U_L_P_S_

There are (g) ways of choosing 2 positions to place the A’s. By the rule of product, there are

(611) C)

rearrangements of UPPSALA with no consecutive A’s.

11



(c)

From (a) we know the number of rearrangements of UPPSALA, now we remove the ones where U and
S are together. We introduce 2 letters, say R := US and T := SU. There are (2;’1.1) rearrangements
of PPLAAR. After replacing R with US, there are (2;’1.1) rearrangements of UPPSALA where US
appears. Similarly, there are (2;’1.1) rearrangements of PPLAAT and (22‘?’1.1) rearrangements of
Uppsala where SU appears. After removing these rearrangements, there are

7 o 6
2,2,1,1,1 2,2,1,1

rearrangements of UPPSALA where U and S are not together.

Exercise 1.3.5. How many Up/Right paths are there from (0,0) to (8,10)

(a)
(b)
(c)

with no restrictions?
that go through (4, 7)?

that always take an even number of steps to the right? (for example, RRURRRRUURR ... is allowed
while RRURUURRR. .. is not.)

Solution. (a) This is the same as the number of rearrangments of 8 R’s and 10 U’s, of which there are

(b)

8+10\ (18

8 ) \8)
We count the paths from (0,0) to (4,7), which is given by
447\ (11

4 ) \4)

Then we count the paths from (4,7) to (8,10), which will require going to the right 4 times and up 3

times. So there are
4+3\ (7
4 ) 4

paths from (4,7) to (8,10). Each path from (0,0) to (8,10) that passes through (4,7) consists of first
taking a path from (0,0) to (4,7), and then a path from (4,7) to (8,10), which can be done in

(D))

We can replace every pair RR with a new symbol, say R. So instead of looking at rearrangements
of RRRRRRRRUUUUUUUUUU, we look at rearrangements of RRRRUUUUUUUUUU, which will

guarantee that there are always an even number of steps to the right taken. There are

(- )

ways.

such rearrangements.

O

Exercise 1.3.6. Suppose you are trying to find n people to volunteer to clean-up a park. You carry with
you a sign-up sheet and n pens in a bag, in case all are used at once. Because you like math, you keep track
of the number of pens in the bag in a sequence. For example, if n = 3 and all are used at once, then the
sequence would go 3,2,1,0,1,2,3 as they pick a pen one-by-one and return it one-by-one. If 2 people came
at first, and later in the day a third person, the sequence would go 3,2, 1,2, 3,2, 3.

12



(a)
(b)
(c)

How many such sequences are there if n = 37
How many such sequences are there if n = 47

How many such sequences are there for any positive number n? (HINT: for every sequence, place a 7
between two numbers if the sequence increases, and a \ if it decreases, for example

3N2N\ 1,72 3\,2 3.

What can you say about the sequence of arrows?)

5 sequences:

3,2,1,0,1,2.3 3,2,3,2,1,2/1
3,2,1,21,23 3,2,3,2,3,2,3
3,2,1,23,23
14 sequences:
4,3,21,0,1,234 4,3,23,43,2,34
432,121,234 4,3,23,43,4,34
4,3,2,123234 4,3,4,3,2,1,234
4,3,2,123434 4,3,4,3,23,2,34
4,3,2321,234 4,3,4,3,23,4,34
4,3,23,23,234 434,343,234
4,3,23234,34 434,343,434

Every time someone takes a pen, the sequence goes down (so a \ is placed between two numbers), and
when that person returns the pen the sequence goes up (so a 7 is placed). Of course, there cannot
be more than n pens at any time, so there cannot be more s placed than /s placed at any time.
Letting D denote N\, and U denote 7, our desired sequences will have n D’s and n U’s in between the
numbers such that there are never more U’s than D’s. So the number of such rearrangements of n D’s
and n U's is the same as the number of lattice paths from (0,0) to (n,n) that never go below the line
x =y, which is given by the Catalan number

- +(%)
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Three Principles

1.1 Review of Principle of Mathematical Induction + Principle of
Inclusion/Exclusion

Textbook readings
e From Keller + Trotter: Sections 3.1, 3.2, 3.6, 3.8, 3.9.

¢ From Keller + Trotter: Sections 7.1, 7.2.

Notation, Definitions, and Theorems
¢ Well-ordering Principle: Every non-empty set of positive integers has a minimal element.

Theorem 1.1.1 (Principle of Mathematical Induction). Let S(n) be an open statement involving the positive
integer n. If

BASE CASE: S(1) is true, and

INDUCTIVE STEP: for all k > 1, if S(k) is true then so is S(k + 1),
then S(n) is true for all n > 1.

Theorem 1.1.2 (Strong Induction). Let S(n) be an open statement involving the positive integer n. Let
1<ng<ny. If

BAse Casgs: S(ng), S(ng +1),...,S(n1 —1),S(ny1) are true, and

INDUCTIVE STEP: for all k > ny, if S(ng), S(ng + 1) ,S(k—1),5(k) are true then so is S(k + 1),
then S(n) is true for all n > 1.

Notation, Definitions, and Theorems

Theorem 1.1.3 (Principle of Inclusion/Exclusion). Let X be a set, and let P = { Py, P,,. .., P,,} be a family
of properties. For S C {1,2,...,m}, let N(S) be the number of elements of X which satisfy (at least) P; for
alli € S (and N(0) = |X|). The number of elements of X that satisfy none of the properties in P is given

by
Y (-)FIN(S).
SC{1.2.....m}
Exercises
Suggested exercises from textbooks
e From Keller + Trotter: Section 3.11, exercises 9-13, 19.

e From Keller + Trotter: Section 7.7, exercises 1,2.



Exercise 1.1.1. Use mathematical induction and Pascal’s identity to prove the hockey stick identity: for

all nonnegative integers 0 < r < n,
Z" <k) <n - 1)
—\r r+1

Exercise 1.1.2. A local bakery sells kanelbullar in packages of 4 or 5. Use mathematical induction to prove
that any number of kanelbullar above 11 can be ordered in packages of 4 or 5.

Exercise 1.1.3. At a large family barbecue, there are 75 people. All 75 people have a hotdog. On top of
the hotdog, 45 people have potato salad, 45 have corn, 44 have coleslaw, 25 have potato salad and corn,
28 have potato salad and coleslaw, 26 have coleslaw and corn, and 15 have all of potato salad, corn, and
coleslaw. How many people only ate hotdogs?

Exercise 1.1.4. The first few numbers in the Fibonacci sequence are 1,1, 2,3,5,8,13,21,.... More formally,
the sequence is defined recursively by f; = 1,fo = 1, and f,, = fn_1 + fu_2 for all n > 2. Let r be the
positive root of the quadratic equation r2 —r — 1 =0, so

1++5
2

~ 1.618.

T =

Prove by mathematical induction that for all n > 2, f,, > r"2.
Remark 1.1.4. This value (14 +/5)/2 is called the golden ratio, and often denoted by ¢. It is known that

lim M =

n—oc n

Exercise 1.1.5. In this exercise, we will determine the maximum number of regions formed by n intersecting
circles.

(a) What is the maximum number of distinct regions (including the outside region) formed by 2 intersecting
circles? by 3 intersecting circles?

(b) Convince yourself that any 2 circles can intersect in at most 2 points. Use this fact to prove that a new
circle can add at most 2n new regions to the number of regions formed by n other intersecting circles.

(¢) Let r(n) be the maximum number of regions formed by n intersecting circles. Use part (b) to prove
that r(n + 1) = r(n) + 2n for all n > 1.

(d) Use part (¢) and mathematical induction to prove that the maximum number of regions formed by n
intersecting circles is n? — n + 2.

Remark 1.1.5. A Venn diagram is used to represent all possibilities of elements belonging to n different
sets. However, Venn diagrams are never (or rarely) used to represent more than 3 different sets (i.e., we
never use j intersecting circles). That’s because, for / sets, there are 2* = 16 possibilities for which sets an
element may belong to, but 4 intersecting circles form at most 42 — 4 + 2 = 14 regions.



1.2 Principle of Inclusion/Exclusion

Textbook readings
e From Keller + Trotter: Sections 7.1-7.4

Notation, Definitions, and Theorems

Theorem 1.2.1 (Principle of Inclusion /Exclusion). Let X be a set, and let P = { Py, Pa,. .., P,,} be a family
of properties. For S C [m], let N(S) be the number of elements of X which satisfy P; for alli € S (and
N(0) = |X|). The number of elements of X that satisfy none of the properties in P is given by

Y ()FEINGS).

SClm]

e For n > m > 1, the Stirling number of the second kind is given by

{:1} - % g)(—l)k (7:) (m — k)",

e For n > m, the number of surjections from [n] to [m] is given by

S(n,m) = m!{:;} = i(—nk (’:) (m — k)"

k=0

e The number d,, of derangements of [n] satisfies

dy =i(—1)k(2)(n—k)!.

k=0

Exercises
Suggested exercises from textbooks
¢ From Keller + Trotter: Section 7.7, exercises 4,5, 7-10, 14-16, 18-20, 22.
Exercise 1.2.1. How many positive integers between 1 and 1000 are not divisible by 2,3, or 57

Exercise 1.2.2. A local donut shop has 4 types of donuts. Currently, there are 3 chocolate donuts, 4 vanilla
donuts, 13 strawberry jelly donuts, and 2 crullers. How many different ways can you choose a dozen donuts?

Exercise 1.2.3. In how many ways can the letters in UPPSALA be rearranged so that there are no
occurrences of LAP, UP, SAP, or PAL?

Exercise 1.2.4. A retiring Mathematics professor has 7 textbooks she wants to hand out to her last 4
graduate students. In how many ways can she distribute her textbooks so that every student gets at least
17

Exercise 1.2.5. There are 8 students sitting in a combinatorics class that only has 8 available seating
places. During break, they leave to get coffee, and return to sit in different places. In how many ways can
the students sit down after the break so that no student is seated where they were before the break.



1.3 Pigeonhole Principle

Textbook readings

e From Keller + Trotter: Section 4.1

Notation, Definitions, and Theorems
e For n > 1, we denote [n] = {1,2,3,...,n}.

¢ Pigeonhole Principle: If m object occupy n places and m > n, then at least one place has two or
more objects.

¢ Generalized Pigeonhole Principle: If m objects occupy n places and m > kn + 1, then at least
once places has k + 1 or more objects.
Exercises
Suggested exercises from textbooks
¢ From Keller + Trotter: Section 4.6, exercises 2,3

Exercise 1.3.1. All of your socks are either black, white, or grey. How many socks do you need to pull
from the dryer to guarantee that you have at least one pair of socks with matching colours?

Exercise 1.3.2. Prove that no matter how 5 points are placed on a sphere, there is a hemisphere that
contains at least 4 of the points.

Exercise 1.3.3. Prove that no matter 19 integers are selected from the set [35], two of the integers selected
will sum to 36.

Exercise 1.3.4. Prove that no matter how 151 integers are chosen from the set [300], there are two integers
m and n so that m|n.

Exercise 1.3.5. Elin is an engineering student who drinks a lot of coffee at Café Angstrom. During the
month of November, she drank at least one cup of coffee a day, but drank at most 45 coffees altogether.
Prove that there is a span of consecutive days during which she drank exactly 14 coffees.

Exercise 1.3.6. Your neighbour is having a yard sale, with everything priced between 1kr and 100kr. Show
that for no matter which 10 selected objects, two nonempty piles of objects can be made from the selected
objects such that the price of the items in each pile sum to the same number.

Exercise 1.3.7. Consider a board of 8 square by 2 squares (so there are 16 squares in total). Suppose we
draw coloured circles at each of the 27 corners of squares, each circle is either red or blue. Prove that there
is some rectangle on the board with all 4 corners having the same colour.
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Three Principles

1.1 Review of Principle of Mathematical Induction + Principle of
Inclusion/Exclusion

Exercise 1.1.1. Use mathematical induction and Pascal’s identity to prove the hockey stick identity: for

all nonnegative integers 0 < r < n,
n
—\r r+1

Solution. We prove the hockey stick identity by fixing » > 0, and performing induction on n.

BASE CASE: n = r. Then
i k\ i r\ 1= r+1\ [n+1
—\r _k—» r) " \r+1) \r+1)

which proves the hockey stick identity when n = r.
INDUCTIVE STEP: Let m > r, and assume that

(-0

k=r

"k " [k m+1\ by11 (m+1 m + 1\ by Pascal’s Identity [ + 2
S ) =S () () e () + : |
= \r —\r r r+1 r r+1

Therefore, ;"j,l (:‘) = (':‘++12 ) follows from the induction hypothesis.

By the PMI, >7) | (:‘) = (','111) for all n > r. Since r was arbitrary, this holds for all » > 0 as well. O

Then

Exercise 1.1.2. A local bakery sells kanelbullar in packages of 4 or 5. Use mathematical induction to prove
that any number of kanelbullar above 11 can be ordered in packages of 4 or 5.

Solution. Let S(n) be the statement “n = 4a + 5b for some nonnegative integers a and b”.

Base Casgs: 5(12),5(13),5(14) and S(15) are true since

12 = 4(3) + 5(0),
13 = 4(2) + 5(1),
14 = 4(1) + 5(2),
15 = 4(0) + 5(3).



INDUCTIVE STEP: Let k > 15 and assume S(12),5(13),...,S(k) are all true. Since S(k — 3) is assumed to
be true, then k — 3 = 4a + 5b for nonnegative integers a,b. Then

by LH.

k+1=(k—3)+4 da+5b+4 =4(a+1)+ 5b,

and since a + 1, b are nonnegative integers, S(k + 1) is also true.
By Strong Induction, S(n) is true for all n > 12. O

Exercise 1.1.3. At a large family barbecue, there are 75 people. All 75 people have a hotdog. On top of
the hotdog, 45 people have potato salad, 45 have corn, 44 have coleslaw, 25 have potato salad and corn,
28 have potato salad and coleslaw, 26 have coleslaw and corn, and 15 have all of potato salad, corn, and
coleslaw. How many people only ate hotdogs?

Solution. Let H be the set of people who had hotdogs, let P be the set of people who had potato salad, let
C' be the set of people who had corn, and let S be the set of people who had coleslaw. So |H| = 75 and

|P| =45, |C|=45, |S|=44,
IPNC| =25, |[PNS| =28, |CNS|=26
[PNCNS| = 15.

Then the number of people who ate only hotdogs is given by
|[H\ (PUCUS)|=75—45—45 —44 + 25+ 28 + 26 — 15 = 5.
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Exercise 1.1.4. The first few numbers in the Fibonacci sequence are 1,1, 2,3,5,8,13,21,.... More formally,
the sequence is defined recursively by f; = 1,fo = 1, and f,, = fn_1 + fu_2 for all n > 2. Let r be the
positive root of the quadratic equation r2 —r — 1 =0, so

1+45
2

~ 1.618.

r

Prove by mathematical induction that for all n > 2, f, > r" 2.

Solution. We use strong induction. Let S(n) be the statement f,, > r2,
BASE CAsES: For n =2,3. Then fo =12>1=7"and f3 =2 > r!, so §(2) and S(3) are true.
INDUCTIVE STEP: Let k > 3, and assume S(2),5(3),...,S(k) are all true. Then

fr+1 = fr + fr—

> ph=2 4 ph3 by the Induction Hypothesis
=r*3(r +1)

= rF73(r?) sincer’ —r—1=0,s0r+1=1r"
— k-1



Therefore S(k + 1) follows from the induction hypothesis.
By Strong Induction, S(n) is true for all n > 2. O

Exercise 1.1.5. In this exercise, we will determine the maximum number of regions formed by n intersecting
circles.
(a) What is the maximum number of distinct regions (including the outside region) formed by 2 intersecting

circles? by 3 intersecting circles?

(b) Convince yourself that any 2 circles can intersect in at most 2 points. Use this fact to prove that one
circle can intersect at most 2n of the regions formed by n other intersecting circles.

(c¢) Let r(n) be the maximum number of regions formed by n intersecting circles. Use part (b) to prove
that r(n + 1) = r(n) + 2n for all n > 1.

(d) Use part (¢) and mathematical induction to prove that the maximum number of regions formed by n

intersecting circles is n? — n + 2.

Solution. (a) For 2 circles C and Cj, any region is either within C; or outside of it, and is either within
(5 or outside. This makes a maximum of 4 possible regions: 1: in ('} and in Cy, 2: in ('} and out of
Cy, 3: out of Cy and in Cy, and 4: out of C'; and out of C5,. This is achieved by the following example:

4

4 Cy

For three circles C';, Cy and C43, there are a total of 8 possibilities,
in (', in Cy, in Cj,

in C'1, in Cy, out of Cy,

in Cy, out of Cy, in (5,

in ', out of Cy, out of Cj,

out of C'1, in Cy, in C},

out of ('}, in Cy, out of Cy,

out of C'1, out of Cy, in C4,

out of C'q, out of Cy, out of Cf,

-~ W b=

® N & o

And this number of regions is achieved with the following example:
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(b)

Let C), 41 be a new circle introduced to n already intersecting circles. If (', ;1 doesn’t intersect a
previous circle, then only 1 new region is formed, and clearly 1 < 2n. Now suppose C,, ;1 does intersect
previous circles. Let I be the number of points where ), intersects another circle, and let R be new
regions formed. We say a region is ‘new’ if it is contained inside C,,; and touches the circle C,, ;.
Since C,, 4 intersects the previous circles at most twice, then I < 2n. Each new region touches at
least 2 points where (', intersects one of the previous circles, and each point where C,; intersects
a previous circle is adjacent to at most 2 new regions.

For example, in the picture above to the left, the new region 2 touches the points a and b, while point
a is adjacent to regions 1 and 2 and the point b is adjacent to regions 2 and 3. In the picture to the
right, the new region 2 touches all four points a,b,c,d, while the new regions 1 and 3 both touch two
points of intersection. Each of the points a,b,c,d touch 2 new regions.

So if we count two new regions for every point of intersection, then each new region was counted at
least twice. So we can conlcude that

2R <21 <2(2n),
the last inequality coming from the fact that I < 2n. Therefore, we see that R < 2n.
If (n) is the number of regions formed by n intersecting circles, then from above we see that r(n+1) =
r(n) + 2n, since there are at most 2n new regions formed.
Let S(n) be the statement r(n) = n? —n + 2.
BAse Cases: For n = 1, one circle creates two regions, so 7(1) =2 =12 — 1+ 2, so S(1) holds. The
cases n = 2 and n = 3 were both covered in part (a), and we saw that

r(2)=4=2*-2+2

and

r(3)=8=3%-3+2.

INDUCTIVE STEP: Let k > 1 and assume S(k) is true, that is r(k) = k? — k + 2. Then by using part
(¢), we have
r(k+1) =r(k)+ 2k
=k +2k+2+2k By the induction hypothesis
=k +2k+1—k—1+2
=(k+1)2—(k+1)+2

so S(k + 1) is true from the induction hypothesis.
By the PMI, S(n) is true for all n > 1.



1.2 Principle of Inclusion/Exclusion

Exercise 1.2.1. How many positive integers between 1 and 1000 are not divisible by 2,3, or 57

Solution. Let P; be the property “divisible by 2", let Py be the property “divisible by 3", and let P; be
the property “divisible by 5”. Since 1000 = 2 - 500, 1000 = 3 - 333 + 1, and 1000 = 5 - 200, then there are
500 integers between 1 and 1000 that are divisble by 2, 333 divisible by 3, and 200 divisible by 5. Since
1000 = 6 - 166 + 4, 1000 = 10 - 100, and 1000 = 15 - 66 + 10, there are 166 integers divisible by both 2 and
3 (so divisble by 6), 100 divisible by both 2 and 5 (so divisible by 10), and 66 divisible by both 3 and 5 (so
divisible by 15). Since 1000 = 30 - 33 + 10, there are 33 integers divisible by 2,3, and 5 (so divisble by 30).
By the Principle of Inclucion/Exclusion, there are

1000 — 500 — 333 — 200 + 166 + 100 + 66 — 33 = 266
integers from 1 to 1000 that are not divisible by 2,3, or 5. (]

Exercise 1.2.2. A local donut shop has 4 types of donuts. Currently, there are 3 chocolate donuts, 4 vanilla
donuts, 13 strawberry jelly donuts, and 2 crullers. How many different ways can you choose a dozen donuts?

Solution. Let x1 be the number of chocolate donuts you choose, x5 is the number of vanilla donuts you
choose, x3 is the number of strawberry donuts you choose, and x4 is the number of crullers you choose.
Then the question boils down to the number of integer solutions to

r1+xo+ 13+ 14 =12

with the condition 0 < 21 <3, 0< 1, <4, 0<r3 <13 and 0 < x4 < 2.

Let the proerties be Py :=xy > 4, Py := 19 > 5, Py := 13 > 14 , and Py := x4 > 3. Then we want to
find the number of solutions where 1, x2, 3,74 > 0 and none of Py, P», P3, nor P, are satisfied.
There are a total of (124+_41_1) = (135) total integer solutions.

Giving 4 1’s to xy, there are (81311) = (131) solution satisfying P;. Giving 5 1's to xy, there are
(TXEII) = (1,?) solution satisfying P. Giving 14 1’s to x3, there are 0 solution satisfying P3. Giving 3 1's to

x4, there are (913;1)

— (132) solution satisfying Pj.

Giving 4 1’s to x; and 5 1’s to x», there are (31311) = (g) solutions satisfying P, and P,. Giving 4 1’s
to x; and 14 1's to x3, there are 0 solutions satisfying Py and P3;. Giving 4 1's to z; and 3 1's to x4, there
are ("jf;l) = (2) solutions satisfying P; and P;. Giving 5 1's to x5 and 14 1’s to x3, there are 0 solutions
satisfying Py and P3. Giving 5 1's to x5 and 3 1’s to x4, there are (4gf;l) = (::) solutions satisfying Py and
Py. Giving 14 1’s to x5 and 3 1’s to x4, there are 0 solutions satisfying Py and Pj.

Giving 4 1's to x1, 5 1's x5, and 3 1's to x4, there are (Ojfil) = (2) = 1 There are no other solutions
satisfying three of Py, P», P3, Py, and no solutions satisfying all of Py, P, P3, Py.

Therefore, by the Principle of Inclusion /Exclusion, the number of solutions satisfying none of Py, Pa, P3, Py
is given by

(5)- ()~ (5) 0= (2) - (@) 0+ () o0+ () 0= () --0-o-0-0v0
- (-0 0)-0-0)



Exercise 1.2.3. In how many ways can the letters in UPPSALA be rearranged so that there are no
occurrences of LAP, UP, SAP, or PAL?

Solution. Let Py be the property that LAP appears in a rearrangement, P is the property that UP appears,
Pj is the property that SAP appears, and Py is the property that PAL appears.

N(0) = (2.2}1‘1) since there are (2‘2}1.1) rearrangements of UPPSALA

‘; ) rearrangements of

1.1,

N{1}) = (1 1 ? 1 1) since if we consider LAP as a single letter, there are ( 11

LAPUPSA
——

) roarrangornonts of

N({2}) = (2 11.1. 1) since if we consider UP as a single letter, there are (2 1 ‘; 11

UP PSALA.
~~

N({3}) = v since if we consider SAP as a single letter, there are v rearrangements of
1,1,1.1.1 ] 1,1.1,1,1

SAPUPAL.
—~

H 1 3 1 S « 5 P > . 1
N({4}) = (1 11.1. 1) since if we consider PAL as a single letter, there are (1.1.1.1.1) rearrangements of

PALUPSA.
~~

N({L,2})= (1 11, 1) since if we consider LAP and UP as single letters, there are (1.1%1.1) rearrangements
of LAP UP SA.
——

N({1,3}) = (1?1) since if we consider LAP and SAP as single letters, there are (1?1) rearrangements
of LAP SAPU.
S

N({1,4}) = (1 ' 1) There are no rearrangements with LAP and PAL as seperate letters since there
aren’t enough L’s, but if we consider PALAP as a single letter, there are (1?1) rearrangements of

PALAPUS.
——

N({2,3}) = (1 11, 1) since if we consider UP and SAP as single letters, there are (1.1%1.1) rearrangements
of UP SAPLA
N({2,4} = 2(1 11, 1) since there are (1.1%1.1) rearrangements of UP PALSA and (1 i1 1) rearrangements

of UPALPSA.
——

N({3,4}) = (1 L)+ (1?1) since there are (1.1%1.1) rearrangements of SAP PALUA and (1?1) rear-
rangements of SAPALUP
——
N({1,2,4}) = 2 since there are 2 rearrrangments of UPALAPS.
e e’
N({2,3,4}) = 2 since there are 2 rearrangements of SAPAL UP .

e —
no other combinatrions of LAP, UP, SAP, and PAL can appear.

By the principle of Inclusion /Exclusion, the total number of rearrangements of UPPSALA that do not have
occurences of LAP, UP, SAL, or PAL is given by

7 5 6 5 5
2,2,1,1,1 1,1,1,1,1 2,1,1,1,1 1,1,1,1,1 1,1,1,1,1

+ 1 P Y R 1 o 4 + 1 +(.3
1,1,1,1 11,1 1,1,1 1,1,1,1 1,1,1,1 1,1,1,1 11,1

-2-2
= 676.



O

Exercise 1.2.4. A retiring Mathematics professor has 7 textbooks she wants to hand out to her last 4
graduate students. In how many ways can she distribute her textbooks so that every student gets at least
17

Solution. This is simply the number of surjections from a set of 7 textbooks to a set of 4 graduate students
(It is a surjection since every student gets at least 1 book). There are then

S(7,4) = g) <:) (4-k)" = (3) 47 — (‘11) 37+ (;) 27 — (3) 17 + 0 = 8400.
O

Exercise 1.2.5. There are 8 students sitting in a combinatorics class that only has 8 available seating
places. During break, they leave to get coffee, and return to sit in different places. In how many ways can
the students sit down after the break so that no student is seated where they were before the break.

Solution. This is the number of derangemets of 1,2,3,4,5,6,7,8, which is given by

dg = i(—n’“(i)(s —k)!

(-0 (-0 (e- O (- O ()



1.3 Pigeonhole Principle

Exercise 1.3.1. All of your socks are either black, white, or grey. How many socks do you need to pull
from the dryer to guarantee that you have at least one pair of socks with matching colours?

Solution. 1f we let the socks be the pigeons, and the colours be the pigeonholes, then we have three pigeonholes
and need 4 pigeons to guarantee that two pigeons are in one pigeonhole. Therefore, you need to pull 4 socks
to guarantee that 2 have the same colour. O

Exercise 1.3.2. Prove that no matter how 5 points are placed on a sphere, there is a hemisphere that
contains at least 4 of the points.

Solution. Since there are 5 points, we can find two that are not antipodal (that is, you can find two points
that do not form poles of the sphere). Draw a great circle through the two points (a great circle is a circle
that cuts the sphere into two equal parts). There are now three remaining points left on the sphere which has
now been seperated into two hemispheres. By the pigeonhole principle, two are on one of the hemisphere.
Now slightly push the great circle to be off the two points, and there is now one hemisphere containing 4
points.

O

For example above, we draw a great circle (in black) through a and b. By the pigeonhole principle, we
can guarantee that one of the hemispheres has two points, for example the hemisphere containing d and e.
Now we can redraw a new great circle (in red), and the hemisphere south of the red circle contains 4 points.

Exercise 1.3.3. Prove that no matter 19 integers are selected from the set [35], two of the integers selected
will sum to 36.

Solution. Consider the following 18 sets as pigeonholes:
{1,35}, {2, 34}, {3,33},{4,32}, {5, 31}, ..., {17,19}, {18}.
The 19 integers chosen from {1,2,...,35} act as pigeons, and by the pigeonhole principle, some pigeonhole

will contain two pigeons. Since {18} can contain only one pigeon, the pigeonhole with two pigeons is one of
the other sets, and the two integers in this set um to 36. O

Exercise 1.3.4. Prove that no matter how 151 integers are chosen from the set [300], there are two integers
m and n so that m|n.



Solution. Consider the following 150 pigeonholes:
{1,1.2'1.221.2% ... 1.2' ...}
{3,3-21,3.22,3.23% ....3.2" ...}

{5,5-21,5.22 5.2% . 5.21 ...}

[}

{299,299 -2 299 .22,299 .23 . 299.2! ..  }.

Every integer from [300] can be written as ¢ - 2™ where ¢ is an odd number, so every of the 151 integers
chosen are in one of the pigeonholes above. By the pigeonhole principle, two of the numbers, say = = ¢t - 2"
and y = t - 2™ with n > m are in the same pigeonhole. Since

E o t-2" _ on—m
Y - t.om -
is a whole number, then y divides z, that is y|z. (]

Exercise 1.3.5. Elin is an engineering student who drinks a lot of coffee at Café Angstrom. During the
month of November, she drank at least one cup of coffee a day, but drank at most 45 coffees altogether.
Prove that there is a span of consecutive days during which she drank exactly 14 coffees.

Solution. November has 30 days. Let x; be the number of coffees Elin drank on November 7’th, and let
Y; = o1 + -+ x; (so y; is the number of coffees Elin drank in the first ¢ days of November). Since each
xz; > 1 (she drank at least one coffee a day), then

L<yr<y2 <--- <yso <45,
since she drank no more than 45 coffees. Also, by adding 14 to all the y;’s we have
BL<yi+ld<y +14< -+ <yzp+ 14 <5H9.

The pigeons are the 60 numbers y1,y2,...,y30,y1 + 14, y2 + 14, ..., y30 + 14,, and the piegonholes are the 59
possible values {1,2,...,59} these numbers can take. By the pigeonhole, two numbers are the same. Since
y; < y; and y; + 14 < y; + 14 for all i < j, the two numbers that are the same are of the form y; + 14 and
y; for i < j. Then

U=yj—yi=(@1+ - +z;)— (1 + -+ Ti) =Tip1+ -+ 75,
So from November i to November 7, Elin drank exactly 14 coffees. (|

Exercise 1.3.6. Your neighbour is having a yard sale, with everything priced between 1kr and 100kr. Show
that for no matter which 10 selected objects, two nonempty piles of objects can be made from the selected
objects such that the price of the items in each pile sum to the same number.

Solution. Let S be any set of 10 items. There are a total of 210 possible different subsets A of S. We avoid
two subsets,() and S (since we are interesdted in non-empty piles, and if one pile contains all of S then the
other contains nothing). So consider the remaining 2'0 —2 = 1024 — 2 = 1022 possible subsets; these will be
our pigeons. As for the pigeonholes, the sum of the itms in any subset can range from 1 kr to 9 - 100 = 900
kr (no subset has 10 items). By the pigeonhole principle, two subsets A, B C S have the same sum for the
cost of the items. The only issue is that it is possible that A N B # (), in which case we can’t make two
seperate piles,

Solet C' = ANB and look at A"’ = A\ C and B’ = B\ C, so remove the items that are in common in
both A and B. Since we removed the same objects from both sets, A" and B’ still contain items that sum
to the same value, and A’ N B’ = (). These are our nonempty piles. O



Exercise 1.3.7. Consider a board of 8 square by 2 squares (so there are 16 squares in total). Suppose we
draw coloured circles at each of the 27 corners of squares, each circle is either red or blue. Prove that there
is some rectangle on the board with all 4 corners having the same colour.

Solution. Consider the grid as 2 rows and 8 columns of squares. This produces 3 horizontal lines and 9
vertical lines, making our 27 points of intersection that are coloured red or blue.

1T
aEng

I I s Iy

L3

IBE
e

1 2 3

(=>]

Each of the vertical lines has three circles which can be coloured red or blue. There are then 2° = 8
different ways to colour the circles on each vertical line. Since there are 9 lines, by the pigeonhold principle,
2 of the vertical lines [;,l; have the same sequence of colours. There there are 3 circles and 2 colours, by the
pigeonhole principle again, 2 of the circles in the sequence have the same colour, say on the horizontal lines
L., L,. Then the circles at (l;, L,.),(l;, Ly,), (l;, L,,,) and (l;, L,) all have the same colours, and make up
the corners of a rectangle. O
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Generating Functions
Relations

1.1 Generating Functions

Textbook readings

e From Keller + Trotter: Sections 8.1, 8.2, 8.5

Notation, Definitions, and Theorems

Here are some useful generating functions:
o Lta)"=(5) + (D)t ()2 +-+ (12"
1 —gn+1

?:1-{-17_{_172_*_”._*_1711.

1 . .2 3 . oc K
—=l+z+z* 4+’ +. =) T

¢ oo = L GI)e+ (D) + (et + = R

and Recurrence

n+k—1

n—1 )Ik'

o For F(z) =Y r,axz* and G(z) = Y_p , bez®, then H(z) = F(z)G(x) is given by H(x) = Y, cxa®

where

k

cr = aobg +ar1bp_1 + - -ap_1b1 + apby = E aibp_;.

Here are some useful exponential generating functions:

. (?":=1+JT+§+%+"':Z;L:0%

o et :1+§+%+%+---=Zi‘:(,%

¢ S mrt S+ = Tt Gy
Exercises

Suggested exercises from textbooks

1=0

e From Keller + Trotter: Section 8.8, exercises 1 — 5, 7, 9, 14, 20, 21, 23.



Exercise 1.1.1. Find a closed form of the generating function for the sequence {ay|k > 0} given by

(a) ap = 3F
(b) asz%,\.
(©) ax = 0 k=0,1,234
" Yk-4 k>5
2%k even
d =
(d) ax {0 k odd

Exercise 1.1.2. what is the coefficient of z'? in

(a) (2% + 2 + 2) (2% + 28 + 210)

Exercise 1.1.3. What is the number of integer solutions to x1+xo+x3 = k with the restrictions 0 < x; < 3,
9 must be a multiple of 4, and z3 > 17

Exercise 1.1.4. Use generating functions to find the number of ways can 24 apples be distributed amongst
4 students so that every student gets at least 3 apples, but no more than 8?

Exercise 1.1.5. How many strings of length n are there consisting of {a,b,c,d} so that the number of b’s
is even, the number of ¢’s is odd, and d appears at least once.



1.2 Recurrence Relations

Textbook readings

e From Keller + Trotter: Sections 9.1 — 9.5

Notation, Definitions, and Theorems
Advancement Operators Suppose for the sequence { fr|k > 0} we have a recurrence of the form
o fktm + €1 frtm—1 + C2fkym—2 + - +em fr = 0.
Applying the advancement operator gives
P(A) fr = (c0A™ + ;A" 4 A" 2 4o o) fr = 0.
Suppose p(A) = (A — )" (A —r9)® ... (A —r,,)% . Then
fe =(ar1 + kar o + k*arz3 + -+ k" lay g )t + (a2 + kagp + k%az3 + -+ k"2 Yag g, )rh+

2 dpy—1 k
st (anul + kamﬂ + k Am,3 +---+ k aLd,,,)Tm-

Exercises
Suggested exercises from textbooks
e From Keller + Trotter: Section 9.9, exercises 1-4, 6-9, 13.
Exercise 1.2.1. Solve the recurrence equation fo =2, fi =5, fr =6fr_1 — 8fx_2, k > 2.
Exercise 1.2.2. Solve the recurrence equation gy = —1, gx = 3gx_1 + (—l)k +1, k> 2.
Exercise 1.2.3. Solve the recurrence equation hg =5, hy =6, hy = 4hy_1 —4hy_o + k-1, k > 2.

Exercise 1.2.4. How many binary strings of length n have no occurrences of 1107

Exercise 1.2.5. Recall the k'th Fibonacci number f; defined recursively by fo = 0,f1 = 1, and fi

fr—1+ fr_o for k > 2. Find a closed form for fy.



1.3 Further Examples

Textbook readings

e From Keller + Trotter: Sections 8.3 — 8.5, 9.6.

Notation, Definitions, and Theorems

¢ For any real number z and any positive integer k, the falling fatorial of z is

() =z(x—1)---(x—k+1),
while (z)9 = 1. The textbook uses the notation P(z, k).

¢ For any real number z and any integer k& > 0, the generalized binomial coefficient is defined as

(-4

Theorem 1.3.1 (Newton’s Binomial Theorem, or The Binomial Series). For all real numbers p # 0, then

(1+z)" = i (;’;)1

Exercises
Suggested exercises from textbooks

e From Keller + Trotter: Section 8.8, exercises 16-19.
Exercise 1.3.1. Solve exercise 1.2.1 using generating functions.
Exercise 1.3.2. Solve exercise 1.2.2 using generating functions.

Exercise 1.3.3. Solve exercise 1.2.3 using generating functions.
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Generating Functions and Recurrence
Relations

1.1 Generating Functions
Exercise 1.1.1. Find a closed form of the generating function for the sequence {a,|k > 0} given by
(a) aj = 3*

(b) ap = %A

0 k=0,1,23,4
(¢) ap =
k-4 k=>5
2k k even
1) ap =
(@) ax {0 k odd
Solution. (a)
oC oC 1
ok k _ 9k
ZS " = Z(h) =1"3;
k=0 k=0

op ¢ . 1 1
am . .m o2k 2k __ 9 \2Vk —
§ : 2" ZZ ’ Z((ZI) )" = 1 — (2x)2 T 1 — 42

meven k=0 k=0

Exercise 1.1.2. what is the coefficient of z'? in
(a) (z2 + 2 + 29) (2% + 28 + 210)

(b) =G



(c) 5
(d) ==
Solution.  (a)
(22424 4+2%) (2 +25+210) = 8+ 0422 4210 42 24 2 22 M 42 = 28420104 3012 420 441,
so the coefficient of z'? is 3.
(b)
' 7 o 2\ 7 L opgr
1-(z/22 ° Z((E)) -t 22% =222k1 :
k=0

k=0

Since 12 = 2k + 7 never occurs as an exponent for 7 for any integer k, the coefficient of 22 is 0.

(c)

=l4+z+22+- +224,
so the coefficient of z'? is 1.

(d)

o

(1 172 2 _1,'22<4:k;1)(21: Z<k+3)2k 2k Z<k+3)2k 2k+2
— 2T —
=0

and 2k + 2 = 12 for k = 5, so the coefficient of z'? is (2)2 .
O

Exercise 1.1.3. What is the number of integer solutions to x,+ x5 +x3 = k with the restrictions 0 < z; < 3,
9 must be a multiple of 4, and z3 > 17

Solution. The generating function for the number of solutions to z; = k with 0 < zy < 3 is

11—zt

l+z+z22+2° =

1—x°
The generating function for the number of solutions to x5 = k with x5 being a multiple of 4 is
4, .8 12 Ak 1
l+z"+2°+ =z +---=;)(z ) =1

The generating function for the number of solutions to 3 = k with 3 > 1 is

o
17+172+173+174+---=1721k=
k=

Therefore, the generating functions for the number of solutions to z; + z2 + x3 = k with the conditions set
above is

(11_—:;4) (1—114) <1f1') G _II)Q =I§<2;fI l)z’“ =§<k';1)zk+1 =g (I;)Ik'

whose k'th coefficient is (';) = k. So the number of solutions to x; + x2 + 3 = k with the conditions set

above is k. |




Exercise 1.1.4. Use generating functions to find the number of ways can 24 apples be distributed amongst
4 students so that every student gets at least 3 apples, but no more than 8?

Solution. For each student, their generating function for the number of ways of distributing & apples to that
student such that the number of apples received is between 3 and 8 is given by

Bt a2 42 =23 (1+17+172+1'3+174+175),
so the generating function for the number of distributions amongst 4 students is
4 4 1-2%\" 1
(173 (1+17+172+1'3+z4+17°)) = z!2 (1+17+172+1'3+174+1'°) = z!? (—1 ) =1712(1—176)47(1 7
-z —x

so we need to find the coefficient of z'2 in (1 — z%)* Let

1
(1—z)t"
F(z) = (1 - 2" Zakz

and
R SRR <
G(z) = Ao kE:Obkz .

From the Binomial Theorem,

p = 3 (1) ot =1 (D) () () ()

(4+k—1) _ (:'H—k

and we know that by = t%). Therefore, the coefficient of z'? in F(x)G(z) is given by

4-1
12

15 4\ /9 4
Zajbm—j = a1b1z + agbg + ajzbp = 1 - ) - + -1,
Pt 3) " \1)\3) "2

which is also the number of ways of distributing the 24 apples such that every students receives between 3
and 8 apples. O

Exercise 1.1.5. How many strings of length n are there consisting of {a,b,c,d} so that the number of b’s
is even, the number of ¢’s is odd, and d appears at least once.
Solution. The exponential generating function for the number of strings of length k consisting of a’s is

2 1,3 1,4 z°

T

1+z+ o1 + 3 + m + B
The exponential generating fucention for the number of strings of length k& consisting of an even number of
b's is

+...:ew_

1+172+z4+ ew+e_l'
20 4 2
The exponential generating function for the number of strings of length k consisting of an odd number of ¢'s
15 1.3 1.5 T —x
The exponential generating function for the number of strings of length & > 1 consisting of d’s is
22 3 gt o -
Tttty o=l



So the exponential generating function for the number of strings satisfying the conditions above is given by

. ea: +e—a: ea: o e—a: . . 621' o 6—21' . 641' —1 631' o e—a:
e( 5 )( 5 )(P —1)=e (*4 )(e—l)— . 2 .

The required exponential generating functions are given by

4z o = (4I)k o . kl'k
T I TR B
k=0 k=1
and - - -
3x —x __ (3I)k (_I)k . k k Ik
oo B S G S
k=0 k=0 k=0
So the number of strings we are looking for is given by
1
1 (4F = 3% + (-1)%)
when k£ > 1, and
1
1 (-3 +(-1)% =0
for k= 0. O



1.2 Recurrence Relations
Exercise 1.2.1. Solve the recurrence equation fo =2, fi =5, fr = 6fr_1 — 8fr_o, k > 2.
Solution. We rewrite the recursion as
0= frqa — 6fisr1 +8f = A% f — 6Afi + 8fx = (A> — 6A + 8) fr = (A — 2)(A — 4) f,
and so we conclude fi = a12% + ax4*. Since
fo=a1+ax=2

and
fi = 2a; +4ay =5,

we solve the above system to get a; = 3/2 and ay = 1/2. Therefore,

3., 1,
= Sok 4 g4k,
fe=352"+3

Exercise 1.2.2. Solve the recurrence equation go = —1, g = 3gx_1 + (=1)* + 1, k > 2.
Solution. We rewrite the recursion as

(=) +1 =gy — 39 = Agy, — 39 = (A — 3)gy.

Solving the homogenous equation (A—3)gj, = 0 yields g, = a3* for some constant a. Now to find a particular
solution to (—1)¥*! + 1= (A - 3)g}. A good guess is g = b(—1)**! + ¢ for some b and c. Then

(=D +1=(A-3)gy
= (A =3)(b(-1)** +¢)
= A(b(=1)F ! 4 ¢) = 3(b(=1)**! +¢)
= b(—1)F*2 4 ¢ — 3b(—1)*! — 3¢
= b(—1)(=1)F+! — 3b(—1)F ! — 2¢

is a particular solution, and so

gk=g;c+g;{=a3’“+i(—1)’“—%.
Since
1 1
¢]0=(1+Z—§=—1,
then a = —3/4, and so we get that . .
k k
e L

Exercise 1.2.3. Solve the recurrence equation hg =5, hy =6, hy, =4dhy_1 —4dhp_o+k—1, k > 2.



Solution. We rewrite the recursion as
k+1=(k+2)—1=hppy — dhpy + dhy = A%hy — 4Ahy, + dhy, = (A2 — 4A + A)hy, = (A — 2)% hy.
Solving the homogoenous equation (A — 2)%h;, = 0 yields h} = a12* + kay2*. Now to find a particular
solution k +1 = (A —2)2h}. A good guess is h} = bk + ¢ for some b and ¢. Then
k+1=(A-2)%h}

= (A% —4A +4)(bk + ¢)

= A%(bk + ¢) — 4A(bk + ¢) + 4(bk + ¢)

=b(k+2)+c—4b(k + 1) — 4c + 4bk + 4c

= bk — 2b+ ¢,
sob=1and —=2b+c¢=1= ¢ =3. So h} =k + 3 is a particular solution. So

hi = h}, + h{ = a12% + kax2* + k + 3.
Then since hg = ay + 3 =5 and
hl =2a1+2a2+1+3=6,

we get a; = 2 and a; = —1. So

hy=2-2"=k-2* +k+3=02-k2" +k+3.

Exercise 1.2.4. How many binary strings of length n have no occurrences of 1107

Solution. Let sp be the number of binary strings of length & without occurences of 110. There is one string
of lenght 0 (the empty string), there are 2 strings of length 1, and 22 = 4 strings of length 2. There are a
total of 2% strings of length 3, but only 7 of them that are not 110. Therefore, so = 1,s; = 2,53 = 4 and
83 = 7.

To create a longer string of length k& > 4 without occurences of 110, we can take a 110-avoiding string of
length k£ — 1 and add either a 1 or a 0, there are 2 ways of doing this. However, we may have added strings
of length k£ — 1 that start with 10 and added a 1, so these we need to remove. There are then sj_3 such
strings to remove: take a string of length k£ — 3 that avoids 110 and add 10 at the beginning.

Therefore, we get that s = 2s,_1 — sp_3 for £ > 4. Now we solve the recursion. Using advancement
operator, the recursion can be rewritten as

0= Sp—-3 — 28k+2 + Sk = Assk - QAQSk + Sk = (A.} - 2A2 + I)Sk = (A - 1)(A2 —A- I)Sk.

The roots of A2 — A — 1 are %ﬁ Then

k k
1 5 1 -5
sk=a1-1k+a2< +\/3) +(13< \/3)

Since

So=a1 +az+az =1

1+ 5 1—+/5
SI=(11+l12< 2\/3)-{-(11( 2\/3) =

2 2
1 5 1—+5 3 5 3—-5
S = ay +az ( +2\/5) + as ( 2\/3) =ay + a ( +2\/3) + az ( 2\/3) =4.




To solve this system of equations, notice that sy — sy yields ay + az = 2. So sy — 81 — 8¢ gives a; = —1.
Next, replacing a; with 1 and ag =2 — as in s gives

1+ as <1+2\/5) + (2 — a2) (1_2\/5) —

2+V5 L 2V5

5 5

which simplifies to

\/5a2=2+\/5=>a2=

Then since az = 2 — as,
2v/5
—

3]

a3=1—

Therefore, we get that the number of binary strings of length & with no occurences of 110 is given by

()5 ()

O
Exercise 1.2.5. Recall the k'th Fibonacci number fj defined recursively by fo = 0,f1 = 1, and fi =
fr—1+ fr_o for k > 2. Find a closed form for f.
Solution. We rewrite the recursion as
1++5 1-5
0= frso—fir1— S =Afi —Afs — i = (A2 = A= 1)fr = (A— 5 ) (A— 5 )fk,
SO
k k
fom 1+5 P V5
k= a1 2 as ) .

Since

fo=a+ax=0

1 5 1—-+5
fi=a V5 + az V5 =1,
2 2
so we get that a; = 1/v/5 and ay = —1/V/5, so
k k k k
foo L (leve) 1 (1-vE) 1 (1445 1-V5
=5 2 V5 2 -5 2 2 '
O



1.3 Further Examples

Exercise 1.3.1. Solve exercise 1.2.1 using generating functions.
Solution. Let F(z) = Y7, frez®, which we rewrite as

F(z)= fo+ fiz+ Y frz*

k=2

=2+ fx+ Z(Gfk—l — 8 fr_a)z"

k=2

S48 463 St 83 fgrt
k=2 k=2

=2+4+5r+6 (Z fkl'k+1 - f():l,')

k=0

=2~ Tz + 6zF(z) — 8z F(x).

-8 i fkl'k+2

=2+ 5z + 6(xF(z) — 2x) — 822 F(x)

So F(z) — 6z F(z) + 822F(z) = (1 — 6z + 822)F(x) = 2 — Tz, which we rearrange as

Flz) = 2—-Tx N 2—-Tx N + B
Vel " 6r+82 (1-dn)(1-22) 1-4z  1-2z
Solving the partial fraction decomposition
A-2Ar+b—dBr=2-Ta= AT B2
—2A — 4B = T,

gives A =1/2 and B = 3/2, so

F(I):%<1—142:)

0 1, 3
= =4k 4 22k,
fi=73 5
Exercise 1.3.2. Solve exercise 1.2.2 using generating functions.

Solution. Let G(x) = Y p—, gxx”, which we can rewrite as
o
() = g0+ Y gra
k=1

= -1+ (Bgx—1+ (-1)* + 1)z*
k=1

=-1+ 3ng—1fﬂk + Z((—l)k +1)z*
k=1 k=1

3 1 1 . 3
+5<1_2T,) =32 ()" +3

C 1433 g+ SR 41t (C1)° 4+ 1),
k=0 k=0



From here, we can split

DACED =3 (1)t 4y at = e =

k=0 k=0 k=0
2 k even
~F+1) =
(D)7 +1) {0 k odd

go((—nk 1—221% iﬂ (ﬁ)

Either way, we continue our derivation (with replacing ((—=1)° + 1)z = 2)

=—1+3quzk+l+z )k —2

or notice that

SO

2
=-3+ 3IG(I) + m
Therefore,
2
G(z) —3zG(z) = (1 - 32)G(z) = -3+ —,
1—xz
S0
-3 2 -3 2

G(z) =

Solving the partial fraction decomposition

A+ B
9 A B C +B+C

0300 -0(+2) 1-8z 1T-z 13z ) Br-acz

Solving the above system of equations gives A =9/4, B= —1/2,C = 1/4, so
-3 9 1 1 1 1 1
R g <1_3z) 2 (m)w <1+z)
-3 1
-7 (mm) 2 () (Hz)
1
T

= 2B =5 a0 (e
k=0 k=0 k=0
% 3 11
— —_‘ . k — — —_— — k
9 = 3 5 + 1 (—1)

-3z (1-30)1-22) 1-3z (1-30)1-2)1+2)

—Az?2 —3Bz2 +3Cz%2 =0



Exercise 1.3.3. Solve exercise 1.2.3 using generating functions.

Solution. Let H(x) =Y, hiz", which we rewrite as

H(z) = ho+hiz + Y _ hpa*
k=2

o0

546+ (4hp_y —4dhy_o +k—1)z*
k=2

=5+6x+4Y hp_yz* 4 hg_oz* + ) (k- 1)z*
k=2 k=2 k=2
=5+6x+4 (Z hp® ! — hoz) —4 Z hez*t? + Z rkt2

h=0

=5+ 6z + 4z H(z) — 20z — 42*H () +122 (k+ 1)z

=5— 14z + 4zH(z) — 42> H(z) + (lfiz)Q
Therefore,
2
H(z) — dzH(x) + 42° H(z) = (1 - 4o + 42*)H(z) = 5 - 14z + (117)2
—x
S0
H(z) = b Mo + z’ _ 5— ldx 72

—dr+4  (-2P(l-dz+4?)  (1-202  (1-2P1 =22
We know that

T = 2k Z 12tz
(1 21') k=0 k=0
SO
5— 14 >
ﬁ 5y (k+1)28a* 1412 k+1)2¢"
- &l

=
II
=]

k=0

i

(k+1)2%zk — 7Y "(k + 1)2k+1gh+1

RZMR

(k+1)2%a* - 7) " k2ka*

k=0 k=1
=5 (k+1)2kz* - 7Zk2’“ k
k=0 k=0

the last line follows since k2*z* = 0 when k& = 0. Next, we use partial fraction decomposition on the
remaining fraction,
x? A B C D

I—22(1-222 1-z (-22 (-20) 1207

Multiplying everything out gives
2= A1l —z)(1 - 22)* + B(1 —22)* + C(1 —2)*(1 — 2z) + D(1 — z)?
= A — 5Az + 84z — 4Az® + B — 4Bz + 4Bz* + C — 4Cx + 5Cz? — 2Cx* + D — 2Dx + Dx?,
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which gives the system of equations

A+B+C+D=0
—bAx —4Bx —4Cx — 2Dz =0
8Az? +4Ba? + 5Cz? + Da? = z*
—4Az* - 2C2* = 0,
which has the solution A =2, B=1,C = —4, D = 1. Therefore,

H— 14z z2

H =
e T v Al g 7 g
5 M2 1 4
S (1-22)2 (1-22)2 1-z (1-z)2 1-2z (1-2z)?2
=5 (k+1)2%2" —7) k2*ak 42 2R+ Y (k+1)2h —4) 2%F ) (k4 1)2%k,
k=0 k=0 k=0 k=0 k=0 k=0

S0

hi = 5(k +1)2F — k2% +2 + (k+1) —4- 2% + (k + 1)2*
=—k2k +2.28 4+ 3
= (2 - k)2% + 3.
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